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THE EDITORSHIP OF THE GAZETTE 


The Council of the Association has accepted with regret the resignation of 
Prof. T. A. A. Broadbent, and has established an Editorial Board consisting 
of Prof. R. L. Goodstein (University College, Leicester), Dr. H. Martyn 
Cundy (The Beeches, Sherborne, Dorset), and Miss K. M. Sowden (Newton 
Park College, Newton St. Loe, Bath). Correspondence should be addressed 
to the Editor, Prof. R. L. Goodstein, University College, Leicester. 





DIAGNOSTIC AND REMEDIAL WORK IN ARITHMETIC 


By Doris M. LEE 


Many everyday events give rise to a need for quantitative thinking, thus 
leading to the creation of numbers and number relations in living experience. 
Such development of number in the normal spheres of human activity is one 
of the fundamental modes of human thought, and early consideration of this 
initial number work may be confined to verbal form. At this stage, situations 
Trequiring number thought can be discussed as they arise, and two consecutive 
situations often have no more in common than the use of number itself. It is 
this realisation which enables number-learning to take place. Increasing 
awareness of number and number-relations brings greater complexity, and it 
is then that the notation of number is needed. This notation has to be 
learned in relation to the ideas represented, and there are two major forms : 


(i) The figures 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 and the notion of place position to 
represent other numbers. 


(ii) The use of a standard measure to facilitate comparisons between 
certain similar quantities such as length and weight. 


Continued experience of number situations gives rise to certain number 
‘Processes which can be used in situations of similar type. Amongst such 
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processes are the four basic operations of addition, subtraction, multiplication 
and division, each of which fulfils a need in a particular branch of everyday 
experience. It is perhaps unfortunate that these number processes, like the 
numbers, are independent of the nature of the actual situations in which they 
first operate. Like the numbers, each is an abstraction or generalisation 
arising from a group of experiences, and each relates to many similar experi- 
ences which could confront the worker. When a child has learned to subtract, 
for example, he should be able to recognise a simple situation in which sub- 
traction is needed and then to apply his knowledge in whatever manner is 
required. 

The nature of the early arithmetical ideas and processes is such that they 
can be arranged in a logical sequence in which each new one is dependent upon 
that which has been previously discovered. Some of this dependence is in- 
herent in the processes, as when multiplication arises from successive additions 
of equal quantities. Much more of it is a matter of ease and convenience to 
adults, and a source of wonder and confusion to children, as in the fraction or 
decimal notation. The entire sequence is the result of many centuries of 
mathematical work and thought. In fact, each number process could be 
developed independently and in its own right, though adult convenience and 
economy of thought achieve a unified and precise sequence of arithmetic 
processes under the cover of one single notation. The part of this sequence 
which covers the basic arithmetic processes is shown below : 


Counting and the Composition of Number 


Basic Addition Basic Subtraction 


Compound Multiplication Division Compound 
-— Addition Subtraction — 
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This sequence of work has an important bearing on the question of diagnostic 
testing in Arithmetic. All errors are thus cumulative. The causes of errors 
in arithmetical work may have to be sought in the very beginning of the. 
child’s knowledge. Similarly there is a sequence in the growth of complexity 
within each process. In the early stages there is a one-step argument, and 
later a succession of steps is needed. Very simple introductory work leads to 
a full development of the more difficult stages. Errors may be made at each 
and every step of the argument, and early errors again have a cumulative 
effect. 

These logical aspects of the number processes demand occasional assessment 
of the extent of the child’s progress and of the nature of his difficulties. If 
these difficulties are not gradually and consistently overcome, his rate of 
progress will be considerably decreased. If the teacher can be helped to 
discover the precise nature and extent of a pupil’s difficulties, this knowledge 
will lead to the study of the possible causes, and to the determination of a 
method of attack which will enable time and effort to be distributed to better 
advantage on both sides. Progress and difficulties can be usefully assessed 
in the early months of a pupil’s secondary school career. At this stage, there 
has come together a group of children of widely differing abilities and attain- 
ments, with different methods of work and rates of progress in Arithmetic, 
and from many different schools and teachers. There is a need to establish 
workable groups, so that suitable future work may proceed successfully. In 
its turn, this depends on a recognition of each child’s level of arithmetical work. 

Children in the first year of the secondary modern school have frequently 
attempted to master all the processes shown in Table 1. Two measures have 
been devised which can help the teacher to discover the extent of the progress 
and difficulties of any one of these children, and each has a place in the 
secondary school work, though one has the greater purpose in the diagnosis 
of outstanding difficulties. An attainment test seeks to assess the level of work 
and the extent of knowledge of the testee. The questions range from very 
easy to very difficult types, and effort is made to sample the field of possible 
knowledge. The test is normally worked in a specified time, the latter being 
related to the object in hand. Standardised attainment tests, where they 
exist, enable the testee to be ranked against others of the same age. Errors 
in arithmetic attainment tests offer some guide to the testee’s arithmetic 
difficulties, but not all errors are represented in the questions asked, and hence 
some difficulties remain uncovered. A diagnostic test is intended to measure the 
precise nature of the difficulties of the testee in the field of work covered by the 
test. A set of diagnostic tests constructed to cover the arithmetic field would 
thus offer a complete inventory of the candidate’s arithmetic difficulties. In 
contrast to an attainment test, a diagnostic test must present every possible 
difficulty inherent in the work to be surveyed, for only then can a true picture 
of the testee’s difficulties be obtained. No time-limit should be imposed for 
the working of the test, so that errors need not be precipitated by undue stress 
in this respect. Again, since diagnostic testing is concerned with the study of 
individual children, the question of test standardisation does not arise. An 
incidental measure of attainment is obtained from a diagnostic test, and in 
substance this measure is more exact than that obtained from the correspond- 
ing attainment test. 

When either of these measures is carefully and correctly constructed, it can 
help the teacher of arithmetic in the organisation of his work. Several 
standardised attainment tests [1] exist and are available, though ordinary 
attainment tests are easily constructed for classroom use. Fewer diagnostic 
tests [2] have been compiled, and the making of additional tests is not so 
straightforward since all possible difficulties must be represented in the 
component questions. Diagnostic tests offer the greater value in showing the 
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teacher those lines along which successful teaching may proceed. It is there- 
fore useful to consider the nature, construction and administration of diagnostic 
tests in the field of Elementary Arithmetic. Three types of diagnostic tests 
are needed : 


I. Tests of the Basic Number Combinations 


All work in Arithmetic depends on a knowledge of the basic number combina- 
tions shown in Table 2. Diagnostic tests for the discovery of errors in using 
these basic combinations have been constructed by Fleming [3] and Schonell 
[4]. These tests can be easily fitted to the normal class routine, and can be 
handled by the teacher without difficulty. The tests can be adapted for use 
at all levels of arithmetical work. 


II. Tests of the Basic Arithmetic Processes 


e.g. Four rules applied to whole numbers, fractions, decimals, percentages, 
ratio and proportion, simple interest, etc. To construct diagnostic tests under 
this heading, it is necessary to specify : 


(i) The steps involved in mastering the process. It is imperative that 
every step be included, 


(ii) The number of questions required to assess correctly the individual’s 
capacity for working each step. Each group of questions should test 
one step and no more. 


(iii) A level use of the basic number combinations demonstrated in Section I. 
If this condition is not fulfilled, individual errors in the basic com- 
binations may obscure the true diagnostic qualities of the test and 
distort the results. Little is known about the relative difficulty of 
the various number combinations in more complex arithmetical pro- 
cesses, and hence each combination should be used in turn. 


Fleming [5] and Schonell [6] have constructed groups of tests under this 
heading, and these are available for class use. These tests are chiefly confined 
to the field of whole numbers. Gardner [7] had discussed diagnostic work and 
errors in fraction processes, and use may be made of this in school work. All 
other tests await construction at present, but could be made when the need 
arises. 


III. Tests of the Applications of Arithmetic Processes 


e.g. Money, weights and measures, area and volume, simple interest, etc. 
To construct diagnostic tests in these instances, it is essential to specify : 


(i) The aspects and steps involved in mastering the application. Every 
aspect or step of the work must be included. 


(ii) The number of questions required to test each aspect or step. The 
same number will not necessarily be required at each stage. 


(iii) A level use of the basic number combinations as in II (iii). 


Few diagnostic tests of this type exist. Fleming [8] has covered some of the 
earlier applications. All other tests have to be constructed when needed. 
The assessment of the steps entailed in working one of these applications may 
be facilitated by considering the solution of one of the longer questions of this 
type, for in such a case the steps may all be represented. It follows from the 
nature of these three sections that tests under Section I should be used in all 
diagnostic situations. A selection from Section II and III may then be made 
according to the presumed level of knowledge of the children to be tested. 
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Since diagnostic tests seek to give a true picture of the child’s difficulties, 
the manner of their administration is important. From the point of view of 
the tester, a short preliminary administration of the tests chosen will illuminate 
pitfalls which may not have been anticipated. A small number of children 
will suffice for this purpose, and it is self-evident that no child should be 
included who will also be tested in the main administration. From the 
children’s point of view, diagnostic tests are necessarily lengthy in duration, 
and it is advisable to spread the series of tests over several days in order to 
avoid fatigue. Schonell [9] has stated that optimum results are obtained 
when testing is spread over two weeks, but such a time-limit may well vary 
for each individual class. Whatever the arrangement of the testing periods, 
it is vitally necessary that children be helped to gain complete confidence and 
ease. They should understand thoroughly what is required, and, in particular, 
that every question should be answered. Unless this last is so, certain diffi- 
culties will remain untested. They should be encouraged to give of their best, 
so that the most correct profile of their difficulties can be obtained. It is wise 
to remove all possible distractions, including other books, use of ink, and the 
shadow of the teacher over the child’s shoulder. For a fair rating on the test, 
the child should ask no questions and receive no coaching until after the test. 
A high standard of clarity is required when test material is duplicated by hand. 

When the tests have been administered and marked, careful scrutiny of 
each individual item is required in order that all errors may be detected. Like 
the tests, the errors fall into three main types : 


I. Lack of Basic Knowledge 


This concerns knowledge of either numbers or signs, and typical mistakes 
include 5+8=17 and 8-5=13 respectively. Inability to handle zero is 
frequently found, and other types of errors include 6 + 9= 12, (double of 6), 
6+9=10, (sequence to 9), and 4+4=16, (confusion with multiplication), 
Wrong use of tables accounts for many of the multiplication errors. All cases 
point to a lack of basic understanding of the units and signs involved. Evi- 
dence from a large number of completed tests [10] suggests that addition 
errors of the type 4+4=16 are amongst the most frequent, and that the 
combinations 9+ 8, 7+ 9, 5+ 9 are amongst the most difficult at the primary 
school level. This is not true of the reverse combinations 8+ 9, 9+7, 9+5. 
In subtraction, the most difficult combinations are shown to be 11 — 6, 16-9, 
17-9, 15-6, 13-4, 14-6, 13-8 and 11-3. The most difficult multiplica- 
tion combinations are 9 x 6, 7 x 8, 9x 7 and all the zero combinations. Zero 
again causes difficulties in the division combinations, as well as the particular 
cases of 54 - 9, 54-6, 42 — 7, 24 - 3, and the various combinations in which a4 
number is divided by itself. 


II. Lack of Knowledge of Arithmetic Processes 


Ability to use the basic number combinations does not necessarily signify 
the additional ability to employ these in the more complex arithmetic pro- 
cesses. The latter require a precise and systematic development of earlier 
work in order that a wider class of operations may be performed. Such 
development may be seen by considering the examples (i) and (ii) below. 
The same basic number combinations occur, but more is needed to solve the 
single example in (ii) 

(i) Add: 5 6 3 (ii) Add : 563 
8 7 5 875 
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Common errors in the common processes of addition and multiplication in- 
clude an inability to carry higher values to successive columns, as is seen in 
the following types : 


(iti) Add : 59 59 (iv) Multiply : 52 52 
47 47 6 6 
916 1016 3012 302 








A converse problem is found in connection with subtraction and division, 
where a lack of ability to break down larger units is evident : 


(iv) Subtract : 57 57 (v) Divide : 3)86 3)753 
49 49 22 211 
18 12 


These errors suggest a lack of understanding of the relative values of the 
different number positions. Errors in higher processes, such as those used in 
work with fractions and decimals, are mainly concerned with faulty interpreta- 
tion of signs or other special notation. Achievement at this level is so much 
influenced by the basic errors previously described that it is difficult to 
isolate errors strictly occasioned by lack of knowledge of the work immediately 
inhand. Much more work is required on diagnostic tests at this level in order 
that the common types of errors may be scientifically established. 


III. Lack of Knowledge of Applications of the Arithmetical Processes 

A small part of the work in such topics as Area, Money, Weights and other 
Measures, Simple Interest and Averages depends on knowledge of certain 
special aspects of the particular study in hand. Work in these topics is thus 
open to errors caused by lack of this knowledge as well as to computational 
errors under I and II. For example, in the case of a simple rectangular area 
question, it is necessary to know that the area is obtained by multiplying the 
length by the breadth as well as to have the ability to complete the calculation 
correctly. In constructing diagnostic tests for this kind of topic, it follows that 
questions must be included to check the individual’s knowledge of those aspects 
which are necessary and specific to the work in hand. These diagnostic tests 
could be limited to this kind of question in cases where separate tests are used 
to check computational errors. Many diagnostic tests are still required at this 
stage. It is of the utmost importance to have correct individual profiles of 
errors in this type of work in order that children shall be correctly informed 
on some of the many applications of Arithmetic in life. Progress will then be 
made in their understanding of society as well as in their own individual work. 

It is evident that the common errors uncovered by diagnostic testing will 
coincide with those normally found by class-teachers. The outstanding 
difference is occasioned by the realisation that all errors are discovered and 
classified by good diagnostic tests, whereas some fundamental mistakes may 
go long unnoticed in the average classroom, where one teacher cannot keep 
continuous vigil over forty books. Results obtained from a series of diagnostic 
tests can give a strong indication of lines along which teaching may proceed 
successfully, since good progress depends on the correction of basic errors in 
elementary work. Help for this purpose may be obtained if the occurrence of 
errors in a class are listed. Such a chart will demonstrate how far whole class, 
group, or individual remedial work is desirable. The following chart shows 
the errors made by twenty backward pupils [11] on the Schonell diagnostic 
tests for the basic number combinations. The children took the tests during 
the first term of their secondary modern school course. They have been 
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allotted numbers from 1 to 20, so that the statement ‘‘ 0+0, 3’ means that 
an error was made in the combination 0+ 0 by child No. 3, and soon. (Num. 
bers are here used to preserve anonymity. A class teacher using the method 
for private purposes would gain more by using the children’s initials or some 
more personal mark of identification). 


Basic Addition 
100% correct 5, 7, 9, 14, 15 


0+0 8 5+0 8 6+8 1,16 
0+7 12 5+3 18 7+3 6 
1+1 20 5+7 6 7+5 12 
3+5 2 5+8 16 7+6 6 
3+8 12 5+9 10 7+9 9 
3+9 19 6+0 13 8+4 11, 20 
4+5 16 6+3 3 8+5 3, 4 
4+7 8 6+4 11 8+7 17 
4+8 1 6+7 3 


Basic Subtraction 
100% correct 10, 12, 13, 14 





3-2 16 11-5 16 14-5 15, 16 
6-1 11,15 11-6 9 14-6 4 

7-3 16 11-7 16 14-8 7 

7-4 4, 6 11-8 1, 36,..37 15-6 3, 6,17 
8-0 4, 18 12-3 5 15-7 3, 18 
8-2 17 12-4 2, 6, 8 15-8 3,18 
9-7 l, 4 12-8 16 15-9 6,16 
10-3 18 13-4 L.. &. 6 16-7 11,18 
10-4 6 13-5 1, 6 16-9 3,11, 15 
10-5 16 13-6 4, 6 17-8 3 

11-2 . © 13-7 lL, 3 4 38 17-9 3 

11-3 19 13-9 3, 4,20 18-9 2 

Basic Multiplication 

100% correct 9, 17 

0x1 3, 4, 6,14, 15 6x4 6,19 

6x3 & 4 636 6x5 4, 7,12,14,18 

Oxs 23 4, 14,15 6x6 4,14, 20 

Ox4 3, 4, 6, 14,15 6x7 15 

xt & 6, 14, 15 6x8 2, 4,16 

Ox6 3, 4, 6,14,15 6x9 1, 3, 4, 6, 7,12, 16 
0x7 3, 6, 14, 15 7x0 1, 3, 4, 6,14, 15,18 
0x8 : .« ;,ee 7x2 1, 6 

0x9 a 4, 14, 15 7x4 2 3 688 

1x0 1, 3,14, 15,18 xt as 

2x0 $4, 16 7x6 4 

3x0 Lt. 4 €34 15,5 7%? “a 

3x3 3, 4 ™=xt 2s & & SM 
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3x9 2 8x4 4,16 

4x0 1, 3, 4, 6,14, 15,18 8x5 4, 6 

4x4 16,18,20 8x6 3 4,11 

4x6 2, 3, 6 8x7 2, 3, 4 6 8 
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Perusal of this sheet shows no error common to either the whole group or toa 
large proportion of it. Remedial teaching with the whole class may therefore 
waste the time of many of the pupils. However, there are several error 
common to similar groups of pupils, and valuable remedial work could be 
achieved by working separately with these groups. For example, considera. 
tion of the multiplication errors in Table 3 suggests that some useful work 
might be done with a group comprising children Nos. 1, 3, 4, 6, 14, 15, 18 
who have several errors in common. On the other hand, individual children 
may gain from personal attention. The errors made in the basic addition 
combinations are all individual, and hence individual remedial teaching 
would be most desirable in this case. 

The keeping of individual record folders offers an alternative procedure, 
Such a record should include a precise and careful statement of the child’: 
errors and difficulties, and here the qualitative aspect is important. For the 
purpose of remedial teaching it is essential to note what the child is unable 
to do rather than all the parts of the work which he has already mastered, 
In this case, it is further possible to add such details as the intelligence and 
general level of attainment, and any particulars of absence, home background 
or other educational and environmental circumstances which may have a 
bearing on the problem in hand. Record may also be made of the lines of 
remedial teaching proposed and of the progress achieved. Both the individual 
and the group record have a place in the school situation. The group record 
is handy for the organisation of work, while the individual record clarifies the 
progress of each child. When the group record is used, the consideration of 
individual children still plays a part in remedial teaching, for the test results 
demonstrate the extent of the child’s failure without the causes. The test 
results show the work to be re-taught, but the remedial teaching depends for 
its success on the discovery of the root causes of the child’s difficulties. 

The results of diagnostic tests in any field must be considered in the light of 
other evidence such as level of intelligence, lack of proper teaching, lack of 
understanding of the subject, home background, absence, physical condition 
and emotional disturbance. Correct interpretation of a child’s difficulties 
arises only when such all-round consideration is made, and then the child can 
be given maximum help. Probably not so great a level of arithmetical work 
can be expected of children with low intelligence, though the “ low intelli: 
gence ”’ is too frequently an excuse rather than a basic cause. Lack of proper 
teaching may have occurred where a child has changed schools rather often, 
or where teachers have left a school in quick succession. It may also bh 
occasioned by a lack of cooperation and a wrong attitude between teacher ani 
child, and this sort of situation can detract a great deal from the child’ 
progress. Lack of understanding of the subject can arise at an early stage, 
when the notation and pattern of figures and processes easily become divorced 
from the everyday situations out of which they should have grown. In this 
case, the child mind tends to regard any form of arithmetical work as a maz 
in which many juggles lead to some sort of conclusion. Written diagnostit 
tests usually take account of Arithmetic in terms of figures and signs, and 
they neglect any verbal facility the child might possibly use in a living 
situation where knowledge of numbers or number processes may be required. 
Lack of understanding of Arithmetic may well arise from the absence of 
correct bridge or sequence between the practical use on the one hand and the 
written version on the other. Poor home background, emotional disturbance? 
or low physical condition may cause inability to concentrate on the work it 
hand. Absence from school entails a different disruption, since confusion ant 
loss of confidence frequently follow when new work is missed. Becau¥ 
much work in Arithmetic involves a logical sequence of ideas, inattention 0 
absence plays a large part in retarding progress. There is a great need fo 
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careful explanation of work missed in this way. Help in diagnosing causes of 
children’s difficulties may be obtained from many sources, including other 
teachers, school records, parents and friends. In particular, much is to be 
learned from talking with the child, and in this way light may be thrown on 
the nature of his individual difficulties, attitude, and past experiences. Con- 
siderable insight into his methods of approach to arithmetical work may follow 
from a discussion of incorrect answers, and this may prove a valuable pointer 
to possible remedial work. Any opportunity to illuminate the causes of 
children’s difficulties in Arithmetic cannot be too closely examined. Much 
remedial teaching can otherwise prove a wasted effort, for, without a personal 
awareness of the child’s difficulties, many wrong avenues of work may be 
followed. 

General trends in remedial work may include changes in curriculum content, 
subject material, and teaching methods according to the needs of the group to 
be taught. The results of diagnostic tests enable the teacher to discern the 
point at which his arithmetical work should begin, for the tests do isolate, 
with certainty, the errors made by the testees. By virtue of the inherent 
nature of Arithmetic, where consecutive processes frequently depend on 
previous work, it is essential to give help at the first point at which help is 
needed, and from there to build up the rest of the work in such a way that 
progress may be made. This recognition of early difficulties may call for the 
introduction of a more elementary and less extensive syllabus, but the ultimate 
achievement of the class will be greater in consequence. Where there are few 
difficulties only, accuracy may be restored by explanation followed by sets of 
questions deliberately involving these difficulties. Where the standard of 
attainment is low and many difficulties exist, then much basic work is at 
fault, and careful choice of subject material and methods of teaching are 
required. The following consideration of the early build-up of Arithmetic 
may help the teacher to plan a course : 

(1) Number ideas are constantly in use in everyday situations, and even 
small children show considerable evidence of this. Communication of a 
situation is handled verbally, and most people handle such situations com- 
petently throughout life. 

(2) Such use of number ideas is recorded in a special notation which may 
well be termed ‘“‘ the language of number ’’. For the child, this means the 
mastery of a further step beyond the verbal stage of description. Figures and 
signs must be used in place of words. 

(3) With the handling of many practical number situations, there comes a 
recognition of numbers and number processes independently of the situations 
in which they first arise. This should be followed by an ability to apply the 
numbers and number processes in any new situation requiring their use. It is 
at this stage that the conventional arithmetical work emerges. 

Too often lack of basic work in Arithmetic is occasioned by neglect of the 
first two stages of experience here described. Numbers and basic processes 
are learned without relevance to the situations they represent, and too often 
the child finds himself unable to master or memorise the pattern of Arithmetic 
in such a way that further work may follow successfully. Frequently there is 
a gap between the “ play ” of money situations and the “ serious working ”’ 
of money sums. The practical situations giving rise to the number processes 
help the number work along because the nature of the situation suggests the 
process to be employed. Interest, purpose, and reality also encourage the 
child’s work. Too little foundation of these practical arithmetical situations 
leads to a lack of basic understanding, and the remedy often lies in taking the 
work back to the practical level. A high percentage of children can handle 
numbers in practical situations because, in this instance, the numbers have a 
tangible meaning, and frequently the situation may be worked out in kind, 
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without recourse to the intellectual (and further advanced) paper and pencil 
methods. When working later Arithmetic, fingers or strokes are sometime; 
used to represent the objects of the original practical situations, and here js 
still the one-to-one correspondence of unit and object, giving the basic security 
and meaning to the child’s arithmetical work. Errors ensue when such aids 
are peremptorily forbidden, for the relevance of numbers to the child's 
experience is then lost. In this case, a simple remedial measure is to restore 
the use of the aid. The child will discard it when sufficient confidence haf 2 F 
been gained. There is a long step between the right development of number td., I 
ideas in everyday situations and the automatic abstract thinking required in Sehc 
elementary Arithmetic. Too little is known of the ways in which development} °Y d, 
from one to the other takes place. For the average and less able children, it] 3. F 
seems likely that greater understanding ensues from learning to use number} 4, S 
in practical situations than from memorising the patterns and processes of the] 5 5 
numbers themselves. Group remedial work thus needs a wide use of everyday} ¥»_ 59 
number affairs. s 
An allied question arises as to how far into abstract Arithmetic any one 6. S 
individual may be expected to go. Can everybody attain the degree of ab.J 7. 8 
straction which elementary number processes demand? Or do the less gifted §/olum 
children acquire a temporary sense of achievement from repetition and rote. §/ Erre 
work—and do they not, in the end, lose that little gained? In Arithmetic, af 8, F 
in every other subject, an individual should be encouraged to study to the§36-37, 
limit of his powers. In the numerical processes, level of intelligence may wellf 9 g 
be a powerful indicator of the level of abstraction which may be attained bf 
any child. This question of possible level of abstraction is pertinent in 
remedial work, for too great demands may be as harmful as too few. It is 
possible that some children will only use numbers in situations where practical 1. | 
experience guides their thinking, and seldom, if ever, will they reach the§ (i) 
abstraction stage. Fuller progress will be made if this state of affairs is recog. 
nised. In this respect, it seems likely that the conventional order of teaching (ii) ' 
numbers and then the standard weights and measures might be reversed with 
advantage. The latter certainly figure more in the child’s ordinary life. Inf (iii) 
any case, it seems right that progress through the everyday use of number to 
the abstract number processes should proceed neither too far nor too quickly§ j9. | 
for the child whose difficulties are to be removed. The method of re-intro-Mondo: 
ducing the child to the various arithmetical processes may follow the customary kuthor 
scheme of the Primary School work, and one process may be re-introduced, |. 
at atime. This line of remedial teaching is possible so long as the illustrative 
material and aids are suited to the age and interests of the children taught. 
On the other hand, six years of Primary School work have spelt failure for 
children who need remedial teaching at the secondary stage. May ther#—— 
perhaps exist an alternative approach through considering general topics in 
which Arithmetic is used, such as house furnishing, rates and taxes, cookery, 
navigation, and the like? Interest and reality will assist the mastery of the 
Arithmetic required in these studies. In this manner, the children may 
obtain accuracy within the given situations, some acquaintance (according to Enq 
their native powers) with the emerging number processes, and at least the treath 


(ii) 


(iii) 





minimum arithmetical knowledge required for everyday life and work. velo, 
mes 

REFERENCES _ 

1. Attainment tests in Arithmetic are available for different age-groups. [. vol 
Examples are : f 195: 


(i) Fleming, C. M., Kelvin Measurement of Arithmetical Ability (8-12 yrs.). father 
Cotswold Measurement of Arithmetic Ability (10-12 yrs.). Robert Gibson ames 
and Sons Ltd., Glasgow. All s 





1 pencil 
netimes 

here ig 
security 
ich aids 

child’s 

restore 
nce has 
number 
uired in 
opment 
dren, it 
yum bers 
s of the 
veryday 


uNny one 
e of ab- 
s gifted 
nd rote: 
1etic, as 
yr to the 
ay well 
ined by 
nent in 
v. Itis 
yractical 
ach the 
iS recog: 
eaching 
sed with 
life. In 
mber to 
quickly 
re-intro- 
stomary 
roduced 
istrative 
taught. 
ilure for 
vy there 
opics in 
-ookery, 
y of the 
en may 





DIAGNOSTIC AND REMEDIAL WORK IN ARITHMETIC 277 


(ii) Schonell, F. J., Essential Mechanical Arithmetic Tests. Form A (7-12 

yrs.), Form B (7-11 yrs.). 
Essential Problem Arithmetic Tests. Forms A and B (7-14 yrs.). 

Oliver and Boyd, Ltd., Edinburgh and London. 

(iii) Vernon, P. E., Graded Arithmetic-Mathematics Test. (Arithmetic Ages 
7-21 yrs.). University of London Press, Ltd. 

2. Fleming, C. M., A Series of Fifty Diagnostic Tests. Ginn and Company 

Ltd., London. 

Schonell, F. J., (1936), Schonell Diagnostic Arithmetic Tests. Oliver and 

Boyd, Ltd., Edinburgh and London. 

3. Fleming, C. M., loc. cit., Tests 1-4, 8-9, 13-14. 

4. Schonell, F. J., loc. cit., Tests 1-5. 

5. Fleming, C. M., loc. cit., Tests 5, 7, 10, 15-18, 21-24, 27-28, 32-33, 38-40, 

42-50. 

6. Schonell, F. J., loc. cit., Tests 6-11. 

1. Scottish Council for Research in Education, (1941), Studies in Arithmetic 

Volume II University of London Press, Ltd., Gardner, P. A.D. An Analysis 

of Errors in Fractions, p. 135. 

8. Fleming, C. M., loc. cit., Tests 6, 11-12, 19-20, 25, 26, 29, 30-31, 34-35, 

6-37, 41, covering money, weight, length and capacity. 

9. Schonell, F. J., (1937), Diagnosis of Individual Difficulties in Arithmetic. 

(liver and Boyd, Ltd., London and Edinburgh, p. 38. 

10. Schonell, F. J., loc. cit., pp. 14, 15, 17. 

ll. The pupils were selected on three grounds : 

(i) Those with high intelligence scores and low academic attainment in all 
subjects. 

(ii) Those with high intelligence scores and low attainment in Arithmetic 


only. : 
(iii) Set: with low intelligence scores and low academic attainment in all 
subjects. 
12. This table is included by permission of Dr. W. H. King, University of 
ndon Institute of Education, who conducted the testing jointly with the 
thor. 
itute of Education, D.M.L. 
University of London. 








BUREAU FOR THE SOLUTION OF PROBLEMS 








rding to 
east the 
kK. 


‘oups. 


12 yrs.). 


t Gibson F 












Enquiries should be addressed to Dr. G. A. Garreau, 90 Wyatt Park Road, 
‘reatham Hill, London, S.W.2, accompanied by a stamped addressed 
nvelope. Applicants should state the source of their problems, and the 
lames and authors of textbooks on the subject, to which they can refer. 
Whenever questions from the Cambridge Mathematical Scholarship volumes 
esent, it is not necessary to copy the question but only to send the reference, 
t. volume, page and number. This applies to Newnham and Girton papers 
{1952 and after. If, however, the questions are taken from the papers in 
lathematics set to Science candidates, these should be given in full. The 
es of applicants will not be published. 

All solutions must be returned to the Secretary of the Bureau. 





THE MATHEMATICAL GAZETTE 
FINITE ROTATIONS OF A RIGID BODY 


H. KESTELMAN, 


1. The following problem was recently proposed by Professor E. H. Thompson; 
A rigid body is freely pivoted at a point O through which pass three fixed axes, 
OA, OB, OC; if the body is given one finite rotation about each of thes 
axes, in the order stated, what conditions must be satisfied by the angles be. 
tween the axes if these three rotations are to be capable of moving the body 
into every position consistent with O remaining fixed? 

It is clearly sufficient that OA and OC coincide with a perpendicular to OB, 
for this is the familiar configuration for the three Euler angles which specify 
rotations about two fixed intersecting perpendicular axes. 

The related problem of giving the body an arbitrary angular velocity by 
compounding angular velocities about OA, OB, OC, is of course soluble, 
uniquely, whenever these axes are not coplanar. This is not the case for finite 
rotations, since the latter do not compound according to the vector law of 
addition. 

The solution of the problem is given in Theorem 1 below. In Theorem 2 itis 
proved that if the restriction on the number of rotations is removed, then every 
displacement of the body about O can be effected by rotations about any tw 
fixed axes through O. 








Fia. 1 Fie. 2 


OA, OB, OC respectively. The rotation # followed by the rotation # will 
denoted by #7, and, if P is a point, a (P) will denote the position into whid 
P moves as the result of the rotation 7. 


2. In what/ follows, #7, @, @ will denote typical finite rotations a 


Theorem 1. A rigid body is pivoted at a point O through which pass fixed 
axes OA, OB, OC. A necessary and sufficient condition that every displac 
ment of the body about O shall be obtainable as @¥.# is that OB is perpendici 
lar to OA and to OC. 


Proof. We identify A, B, C with points on a sphere centred at O, and dé 
note the antipode of C by C’. 
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Necessity. Suppose that every displacement of the body about O has 
form €B2a#. We need, in fact, consider only those @@¥ which carry A to 
or to C’. Let @,4,%,(A)=C; since A is invariant under ~,, and C under ¢, 
we see that #,(A)=C. Similarly it follows from the hypothesis that, for so 
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4,,B2,(A)=C’. Thus, the circle on the sphere whose pole is at B, and which 
passes through A, also passes through C and C’; it must therefore be a great 
circle, and the ares BC and BA must be quadrants. 

Sufficiency. Suppose that the arcs BC and BA are quadrants, and let y be 
the great circle whose pole is at B. Let A’B’ be any quadrant on the sphere. 
It is enough to show that <, #, @ can be found so that @@< carries A to A’ 
and B to B’. Now some @, will carry A’ to a point of y, say A”’; a further 
uitable @, carries A”’ to A, and then, since AB and A’B’ are equal arcs, a 
further suitable 7, carries the point initially at B’ to B. Thus 


ABC (A " B’) . (A , B), 
and hence 
€,7°ByA, (A, B)=(A’, B’). 


Theorem 2. Let OA and OC be any fixed axes inclined at some angle 0 
where 0<@<4n. Then the group of all rotations about O is generated by 
rotations about OA and OC. 


Proof. Identify A and C with points on the sphere of unit radius centred at 
0. Let A’C’ be any arc on the sphere equal to the are AC ; it is enough to 
show that a finite succession of rotations about OA and OC brings A’ to A and 
"to C. 

Case (i). Suppose that are AA’ <26. Let s be the circle through A whose 
pole is at C; by hypothesis, there is a point A’ on s such that AA” =AA’ 
(ig. 1), and so a suitable a carries A’ to A’. A suitable @ then brings A” to 
4, and lastly a suitable » brings the point initially at C’ to C. 

Case (ii). Suppose that are AA’>20. We may assume, without loss of 
generality, that A’ is on m, the great circle through A and C, since a suitable 
¢ will always bring this about. Starting from A’, and repeatedly setting off 
ares of length 26 along m, a point A* will ultimately be reached such that 
arc AA* <26. If we show that A’ can be carried to A* by rotations about OC 
and OA, then Case (i) will apply to bring A* to A, etc. 

Now a half-turn about OA, followed by another about OC, advances A’ 
a distance 20 along m, C being considered as 6 ahead of A. This is obvious 
geometrically from fig. 2: analytically, if A’ is ¢ ahead of A, then a reflection 
inOA carries A’ to — ¢ ahead of A, and a reflection in OC then carries it to 
4+¢ ahead of A. By repeating this pair of rotations, we obtain a series 
%+¢, 40+¢, 60+¢,... which must include an angle whose magnitude 
(mod 277) is 20 or less. 

H.K. 











GLEANINGS FAR AND NEAR 


1833. Contending that drunken people automatically stagger eastwards, the 
Maryland police publication recommended that patrol cars should park to the 
east of any ‘‘ drunk ” about to be arrested. It cited as its authority a Dr. C. 
Volk, of California, who attributed this peculiarity to the spin of the earth. 
He said babies learning to walk also toddled towards the east. Washington 
Police say if anything drunks stagger to the west since the right leg is usually 
the stronger.—Daily Telegraph, December 30th, 1954. [Per Mr. E. A. Side.] 
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TWO MORE TRIPOS QUESTIONS 
By G. N. Watson 


The following problem was included in the paper set in the Mathematical 
Tripos on the morning of January 5, 1881 : 


iii. Prove that, if a+b+c=0 and x+y+z=0, then 
4(ax + by + cz)® — 3(ax + by + cz) (a? + b? + c?) (x? + y? + 2?) 
— 2(b-c)(ce-a)(a—-b)(y —z)(z — x) (x — y) = S4abcryz, 


A solution of this problem was published by A. Cayley in June 1881 ; see 
the Messenger of Mathematics, XI. (1882), 23-25. Cayley’s solution took the 
form of a long and cumbrous verification, and he admitted that he did not 
know the origin of the result nor did he see any simple way of proving it. 

Recently (in 1949) a better solution by A. A. Krishnaswami Ayyangar 
(Note 2045) was published in the Gazette, and his solution has evoked solutions 
by S. K. Zaremba (Note 2179), M. Rumney (Note 2306), H. J. Godwin (Note 
2349), and B. E. Lawrence (Note 2350). The Author of Note 2306 stated that 
the solution which he gave was extracted from a note-book which attributed 
the solution to J. E. A. Steggall with the date 1915 but without reference to the 
source. Actually the solution was published by J. E. A. Steggall, Messenger, 
XLIV. (1915), 111-112. At this point two other solutions (both in the form 
of verifications) may be mentioned, one by C. Leudesdorf, Messenger, XII. 
(1883), 176, the other by E. J. Nanson, Messenger, XLV. (1916), 96; these 
solutions were inspired by the papers by Cayley and Steggall respectively, and 
both of them were more direct than Cayley’s verification. 

There is, however, a great deal more to be said about the origin of the pro- 
blem, as will be realised by those who have the patience to read through this 
paper. 

It would seem that Cayley did not ask any of the examiners to provide 
him with a solution of the problem ; and it was equally unfortunate that he 
apparently did not read all of the papers set in the Tripos of 1881. For, 
had he adopted either course, he could hardly have failed to have had his 
attention directed to one of the problems set on the morning of January 19, 
1881 and to have realised that it was a very slight generalisation of the pre- 
vious problem and that there existed obvious methods of coping with it. The 
problem in question was as follows : 


4. If «, B, y and «’, Bp’, y’ are the roots of the cubics 
x*-prr*+gxu-r=0, x*-p’x*+q’x-7r’=0; 
shew that the equation whose roots are aa’ + BB’ + yy’, etc. is 


1 04 64’ —— 
(a — pp’)? - (x - 4pp’)(p* - 39) (p"* - 84') = 555 Se Gyr t4NAM 


where A, A’ are the discriminants of the two cubics. 

In view of the extent of the literature about cubic equations, it seemed to 
me unlikely that so fundamental a problem had not been attacked before 
1881; and an inspection of the comprehensive treatise by W. S. Burnside and 
A. W. Panton, The theory of equations (Dublin, 1881), revealed the problem on 
p. 113 as a worked example, attributed to Michael Roberts, Dublin Exam. 
Papers, 1855. Actually Roberts had secured a wider publicity for the pro- 
blem by publishing it (without a solution) in the Nouvelles Ann. de Math. 
XV. (1856), 76-80. The second problem is therefore quite a century old, and 
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Ihave not troubled to ascertain whether it is any older. It would, for example, 
be tedious and (I think) unprofitable to conduct an exhaustive search for it 
in the writings of Euler and Lagrange. 

It is now appropriate to discuss methods of solving the two problems. For 
the most part I deal with the second problem, treating the first problem merely 
as a special case of the second. It is convenient to have a uniform notation for 
the two problems and to make the notation harmonise as much as possible 
with the notation which is standard in the theory of cubic equations. 

Let u, v, w and x, y, z be two triads of numbers, and let these triads be the 
roots of the cubic equations 


a&* + 3bé* + 3cé+d=0, a’ 3 + 3b’ é2 + 3c’£+d’=0, 
with the assumption (usually tacitly taken for granted) that a and a’ are 
arbitrary, save that neither is zero. We proceed to construct the cubic 
equation whose roots are 
ux + vy + WZ, Uy +vz2+wa, UZ +Vu+ Wy. 


There are two courses which are obviously available: (i) we work as far as 
possible with symmetric functions of u, v, w and a, y, z; this is the method by 
which the Authors of Notes 2045 and 2306 discuss the first problem : or (ii) we 
may express the roots of the required cubic equation in terms of expressions 
oeurring in Tartaglia’s solution of the given cubics; this is the procedure 
adopted by Burnside and Panton. 

With (i) the work resembles Note 2306 more closely than Note 2045, since 
the Author of Note 2045 introduced the limitations on Zu and <x at the 
beginning of his work whereas the introduction of these limitations in Note 
2306 was deferred to a later stage. 

We now evaluate the three fundamental symmetric functions (namely sum, 
sum of products in pairs, and continued product) of 

ux + vy + U2, uy + vz+ we, uz +ve+ wy. 


The sum is evidently Zu. 2x=9bb’/(aa’).’ 
A straightforward calculation shews that the sum of the products in pairs is 
equal to 


Zow . Lx? + Lu? . Lyz+ Seow. Lyz 
= 27(acb’? + a’c’b? — aa’cc’)|(a?a’*). 
The continued product needs a more lengthy calculation. Its value is 
(v2w + wu + u*v) (yz + 27x + wy) + (vw? + Wu? + Uv*)(Yy2? + 20? + wy?) 
+ wow Za? + xyz Zu + 3uvwxyz. 


This expression is not symmetrical. It is convenient to denote it by 
flu, v, w; x, y, z), and then we have 


f(u,v,w; x, y,2)-f(u,v,w; x,2z, y)= M(v-w). M(y-2), 

while 
(u,v, w; x, y, z)+f(u, v, Ww; x, 2, y) 

= Jv*w. Ly?z + Quvw Lx + 2ryz Lu + 6uvwxyz 

= 27(3abca’b’c’ — 3abca’*d’ — 3a’b’c’a*d + a*da’*d’ + 2a*db’* + 2a’*d’b?) /(aa’)$, 
% that 
Yu, v, ws; 2, Y, 2) 
=27(3abca’b’c’ — 3abca’*d’ — 3a’b’c’a*d + a*da’*d’ + 2a*db’* + 2a’*d’b?) |(aa’)® 

+ H(v-w). I(y-z). 
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The cubic equation with the specified roots is consequently 
2a*a’*4? — 18a*ba’*b’d? + 54aa’(ach”* + a’c’b? — aca’c’)d 
— 27(3abca’b’c’ — 3abca’*d’ — 3a’b’c’a*d + a*da’*d’ + 2a*db’? + 2a’d’b*) 
- aa TI(v-w). W(y-z)=9. 

We can “remove the second term” from this cubic equation by the 
standard method ; but there is a method used by Burnside and Panton which 
derives the result with less calculation. Their method is as follows. 

Write 


‘ 


au+b=UuUp, at+H =2,, 


with corresponding expressions for v», Ws and Yo, Zo. Then uo, V9, W» and 
Lo Yoo Zo are the roots of the cubics 


+ 3H£+G=0, £4 3H’é+G’=0, 
with - 
G=a*d — 3abc + 2b, H =ac - b?, 
?’=a'*d’ — 3a’b’c’ + 2b’, H'=a'e’ —6". 
Now consider the cubic equation whose roots aro 
UpXo + VoYo + Wo%o» UoYo + Voz + WoXos Ugzo + Volo + WoYo- 


Evidently it can be derived from the cubic already obtained by writing 
1, 0, H, G and 1, 0, H’, G@’ in place of a, b, c, d and a’, b’, c’, d’. It is therefore 


2,9 — 54HH hy — 27GQ" — I1(vp — wy) « Tyo - 2) = 0. 
It is easy to see that 
UpXo + VoYo + Wo%o 
=(au+b)(a’x +b’) + (av +b) (a’y +b’) + (aw + Bb) (a’z +b’) 
= aa’ (ux + vy + wz) + ab’ Zu + a’b Zax + 3bb’ 
=aa’(ux + vy + wz) — 3bb’, 


with corresponding formulae for the other roots. The three values of 4, 
are consequently expressible in terms of the three values of ¢ by the formula 


$= aa'h — 3bb’. 


The application of this formula to the cubic in ¢, immediately yields the 
reduced form of the cubic in ¢, namely 


2(aa’¢ — 3bb’)® — 54HH’(aa’¢ — 3bb’) -— 274’ 
—a®a’3II(v—w) . T(y-z)=9, 


and it is a simple matter (though a little tedious) to reconcile this cubic with 
the original cubic in ¢ by elementary algebra. 


A further simplification is possible. We write, as is now customary, 
G?+4H*=a?7d4, G@’?+4H%=a’2’, 
a® II(v — w)?= - 27a*4, a’*II(y —z)?= —27a’*4’, 


so that 
04 aG 04’ 
2 ny — 942 a= — On 'y’ 
a? 7 = 2G 3g = 20°G, a? 2a’*Q’, 
The cubic in ¢ now assumes the form 
04 eA’ 


8(aa’4 — 3bb’)* - 216HH (aa’¢ — 3bb’) - 27 + 108aa’/(44’)=0. 


dd dd’ 
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It is a simple matter to reconcile this cubic equation with the cubic equation 
contained in the Tripos problem when it is premised that, in the equation just 
obtained, 4 and J’ are defined in accordance with modern usage (as stated 
above), whereas the term “‘ discriminant ”’ in the Tripos problem is to be taken 
to mean the product of the squared differences of the roots. 

There is no difficulty in accounting for the ambiguity of sign in the last 
equation ; for, when we work with the coefficients of the cubic equations 
whose roots are u, v, w and 2, y, z instead of working with the roots themselves, 
we are not in a position to discriminate between the triad 


ux + vy + wz, uy + vz+ we, Uuz+vr+wy 
and the triad 
Ux+ve+wy, uz+vy+we, uy + ve + wz. 


One of the triads yields the cubic with one sign, the other triad yields the cubic 
with the other sign. 

We now turn to the method by which Burnside and Panton construct the 
cubic in ¢, described above as method (ii). Since copies of their treatise are 
not hard to come by, a brief summary will suffice. 

With the notation already used, they obtain the relation 


$9 = aa’ — 3bb’ 


connecting ¢ with ¢o. They then observe that uo, vo, Wo and 2%, Yo, Z are 
expressible in the forms 


A+ p, wr+ wp, w*A+ wp 
and 
V+p', wr’ + wp’, w*d’ + wp’, 
where w is a complex cube root of unity and 
AP + pP= -G, Ap= -A, A’ + p= -@’, ‘p= - HH’. 
An easy calculation then shews that 
Ugly + VoYo + Wo%o = B(Ap’ + A’p) 5 
and the other two values of ¢, are obtained from this value by writing )’w, 


y'w* and A’w*, ’w in place of A’, p’. 
The cubic equation satisfied by the three values of ¢, is consequently 


$3 — ZTApA’ pho — 27(A8 x? + A’Su,3) =0, 
that is to say 
249° — 54H’ hy — 27(A® + p*)(A’? + 4) + 27(A3 — 3)(A" — wp) = 0; 
and there is no difficulty in reducing this to the form already given. 


It is possible to work with the trigonometrical solution of the cubic equation 
instead of with Tartaglia’s solution. This provides an investigation which 
bears the same relation to the investigation by symmetric functions as the 
work of Note 2349 bears to the work of Note 2306. 

I have now no more to say about methods of solving the second problem. 
To derive the solution of the first problem from the second, take the first form 
obtained for the cubic equation in ¢ and write b= b’=0 throughout. 
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The equation is thus reduced to 
2a*a’33 — 54a%ca’*e’yp — 27a*da’*d’ — asa’ II(v — w) . I(y —z)=90, 
that is to say to 
23 — 6( Sew . Lyz)p — Zuvwxyz - M(v-—w) . My-z)=90; 
and, when Zu= Lx=0, one of the roots of this equation is 
p= Ux + vy + UZ. 
We have consequently proved that, if Zu= 2x=0, then 
2(ux + vy + wz)? — 6( Low . Lyz) (ux + vy + wz) 
— 27uvwaeyz — II(v—w) . H(y-z)=90. 


This is a trivial modification of the result to be proved in the first of the two 
Tripos problems ; in the circumstances I regard the change from Zu? . Zx* to 
4Z0w . Zyz as an improvement (albeit a very small one) in the drafting. 

It is possible to raise objections to this solution of the first of the two Tripos 
problems on the ground that anything so highbrov’ as the theory of cubic 
equations should not be used in establishing what is, after all, a very elemen- 
tary algebraical identity. Such objections can be met in two ways. In the 
first place, the equation satisfied by ¢ (with unrestricted Zu and Zz) shews 
that we have identically 


2(ux + vy + wz) — 6( Low . Lyz)(ux + vy + wz) — 2Zuvwayz — M(v-—w) . My -2z) 
=2(Lu . Lx)(ux+ vy + wz)? 
— 2{( Zu)? Zyz + (Xx)? Zvw}(ux + vy + wz) 
+ Zu. Sow. Za. Lyz- 9xyzZu. Zvw - 9uvw Lx. Ly 
+ 2uvw( Za)? + 2aryz( Zu) . 


This identity can, of course, be verified by elementary algebra, the work 
being tedious but not excessively so. It is sufficient to regard each side as a 
homogeneous cubic polynomial in 2, y, z and to compare the coefficients of 
x, y*z and xyz, considerations of symmetry being then adequate to deal with 
the coefficients of the other terms in the polynomial. When the verification 
has been effected, the proof of the first Tripos problem is immediate ; for 
every term on the right in the identity evidently vanishes when both Zu and Zz 
vanish, and so the expression on the left of the identity vanishes when both 
Zu and Xx vanish. 

Such a solution of the problem is not adapted to the conditions of an 
examination. An alternative mode of solving the problem by a process of 
verification is as follows. , 

Let the expression 


2(ux + vy + wz) — 6( Low . Lyz)(ux + vy + wz) — 2Zuvwaxyz — IM(v—w) . My - 2) 
be denoted by F(z, y, z) and suppose thai both Zu and Lx vanish. 

We first shew that F(x, y, z) vanishes whenever one of the variables z, y, 7 
vanishes (so that the sum of the other two variables vanishes). Considerations 
of symmetry make it sufficient to prove that F(x, — 2x, 0) vanishes. 

Without availing ourselves of the limitation Zu=0, we have 

F(x, — x, 0)=x{2(u - v)> + 6(u — v) Zvw — 211(v — w)} 
= 2(u — v)x%{(u — v)* + 3(vw + wu + uv) + w? — w(u+ Vv) + Ur} 


= 2(u — v)( Zu)*z, 
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and this vanishes by reason of the limitation Zu=0. 
When we replace z by - x -y, we evidently have F(z, y, z) expressed as a 
homogeneous cubic polynomial in x and y, say 


F(x, y, 2)= ax? + Buty + yry* + dy, 


where a, B, y, 5 are functions of u, v, w only. Moreover, by the result just 
proved, we have 


a=F(1,0,-1)=0, 8=F(0,1,-1)=0, «-B+y-8=F(1,-1, 0)=0, 
and consequently we have simply 
F(x, y, z) = Bay(x+y). 
To evaluate B observe that 
2p=F(1, 1, -2) 
=2(u+v—2w)?+ 18(ow + wut uv)(ut v — 2w) + 54uvw. 
When we replace w by — u-—v, the expression on the right becomes 
54(u + v)§ — 54(u? + wv + v?)(w + v) — 54ur(u + v)=0. 


Consequently £ is zero, and so F(x, y, — # -— y) vanishes whenever Zu is zero. 
We have therefore proved that 


F(x, y, z)=0 


whenever Zu= Zx=0. This completes the solution of the first problem. 

The examiner who set the problem probably anticipated that the solutions 
which would be submitted would be somewhat on these lines, if indeed he 
was optimistic enough to expect to receive any solutions at all. I am unable 
to feel any particular enthusiasm about this solution, though it will probably 
be admitted that it is both shorter and simpler than the solution constructed 
by Cayley. The solution is substantially -an algebraical version of the geo- 
metrical solution given in Note 2179, the main difference between the two 
solutions being that the triad (v — w, w — u, u— v) is used in Note 2179 in place 
of the triad (1, 1,—2). This leads to the result that 


— BII(v-w)=0 


and the proof that f is zero when two of the numbers wu, v, w are equal then 
needs further investigation. 

It is interesting to speculate whether the Tripos examiners were acquainted 
with the work of Roberts or of Burnside and Panton. At this time of day it is 
impossible to be dogmatic, and I merely state the evidence in my possession 
with the addition of some conjectures which seem to me to be plausible. 

In the Tripos of 1881 the Moderators were Ernest Temperley (Queens’) 
and William Burnside (Pembroke) ; the Examiners were J. R. Harris (Clare) 
and R. C. Rowe (Trinity) ; and the Additional Examiner was A. G. Greenhill 
(Emmanuel). The Junior Moderator is not to be confused with William Snow 
Burnside of Dublin. Unfortunately I do not know whether the two Burnsides 
were related to each other, nor do I know whether they were acquainted with 
each other. 

In view of statements which I made in a paper entitled ‘“‘ Two Tripos 
Questions ” in vol. X XIX of the Gazette, I am disposed to surmise that it was 
the Junior Moderator who was responsible for the problems discussed in this 
paper ; however, the possibility that Burnside may have constructed a pair of 
cognate problems about hypergeometric functions is not to be regarded as a 
conclusive proof that he constructed a pair of cognate problems about cubic 
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equations. On the propriety of setting the two cognate problems in the same 
examination, there is one (and only one) comment that I feel disposed to make, 
namely M7 xpivere tva pi) Kpibijre. 

Whether my surmise is well-founded or not, it is certain that the Tripos 
examiners had not seen the treatise by Burnside and Panton because the 
preface is dated September 1881, so the treatise was not published until 
nearly a year after the papers were composed. Whether any of them had 
seen the treatise in proof seems unknown ; the preface contains no suggestion 
that the proofs had been seen by anybody outside Dublin. I am inclined to 
think that the examiners had not seen the proofs and that they had not been 
in touch with Burnside and Panton ; my grounds for so thinking are that the 
authors were punctilious in their use of standard forms of cubics rather than 
the denumerate forms of the second problem and that the examiner’s de. 
finition of 4 was not in accordance with their definition. Whether any of the 
examiners had seen the paper by Roberts seems to me to be more uncertain, 
since the evidence supplied by the notations employed seems less conclusive, 
However, having regard to the insularity displayed by so many Cambridge 
mathematicians in the nineteenth century, I think it likely that none of the 
examiners was aware of the paper by Roberts and that the two problems were 
the independent invention of the examiners in the Tripos. 

G.N.W. 








1834. ANOTHER VALUE FOR 7 ? 

It should be remembered, however, that the destructive range of an ex- 
plosion increases only as the cube root of the force of the explosion. A bomb 
600 times as powerful as the Hiroshima bomb therefore would have an area of 
destruction between seven or eight times as large.—The Observer, March 28th, 
1954. [Per Mr. J. Leech.] 

In his article on the hydrogen bomb, Mr. John Davy says that a bomb 
600 times as powerful as the Hiroshima bomb would have an area of destruc- 
tion seven to eight times as large. The statement should read, “‘ radius of 
destruction seven to eight times as large ’’ ; the area destroyed would be more 
than seventy times as great.—The Observer, April 4th, 1954. [Per Mr. F. M. 
Goldner. | 


1835. ‘‘ (6) In this regulation the expression ‘ illuminated area ’ means, in 
relation to a lamp, the area of the orthogonal projection on a vertical plane at 
right angles to the longitudinal axis of the vehicle of that part of the lamp 
through which light is emitted.” 

I think this means that the rear lights must be at right angles to the road and 
parallel with ong another. What a wonderful picture the local farmer, the 
village policeman, and the garage man arguing out the regulation I have 
quoted would make.—The Times, September 21st, 1951. [Per Mr. C. E. Kemp.] 


1836. Sir,—I am sorry that Dr. Hill—or perhaps your Parliamentary 
Correspondent—should have forgotten that the pH of a solution is the log. of 
the reciprocal of the hydrogen ion concentration, which is the exact opposite 
of the definition that the Minister is reported to have given on page 5 of your 
issue of January 26. 

I am, Sir, yours very truly, 
J. H. Mandleberg. 

228, St. James’ Court, S.W.1. 


* Hansard quotes Dr. Hill as saying: ‘‘ The reply to my hon. friend is that 
PH is the negative of the logarithm of the hydrogen ion concentration measured 
in grams per litre of solution.” —The Times, January 28th, 1954. 
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ON NEWTONIAN FRAMES OF REFERENCE 
By W. H. McCrea 


Summary 

A paradox connected with the idea of a uniform field of force is recalled. The main 
purpose is to discuss frames of reference in the gravitational fields of systems originally 
studied by Milne and McCrea in developing their ‘“‘ newtonian cosmology ”’. It is 
shown that a frame moving with any particle of the material of such a system serves 
as a newtonian frame for the description of mechanical phenomena throughout a 
region that may be taken to be arbitrarily large and that a frame of such a sort is the 
nearest approach possible in the system to the realization of a local newtonian frame ; 
any two such frames are nevertheless in mutually accelerated motion. 


1. The concept of a uniform field of force. There is an elementary paradox 
associated with the idea of a “ uniform field of force ’’. Suppose we assert that 
F is a newtonian frame of reference and that a uniform field of force exists in 
¥. Any observer in the field must use a physical frame* of reference S, say, 
and the material of this frame must be subject to the field. If at any instant 
f is not rotating relative to F it remains non-rotating. Then it is easily seen 
that Y serves precisely as a newtonian frame, in which there is zero field of 
force, in spite of its being uniformly accelerated relative to the postulated 
newtonian frame F and therefore not a newtonian frame. 

This is the paradox. Another way of stating it is that the postulated field 
cannot be detected by any observer. This has been remarked by Synge [6] 
who also points out that the significance of the conclusion was discussed by 
Clerk Maxwell [4]. 

The fact is, of course, that a uniform field cannot exist in. F. For F must 
itself be a physical frame and its acceleration in the field would annihilate the 
field, thus producing a contradiction. It is satisfactory to observe that no 
distribution of gravitating matter can actually provide a purely uniform field. 

When the earth’s field is treated as uniform in elementary dynamics and we 
treat as newtonian a frame F fixed to the earth’s surface, we imply the 
existence in F also of the field of ‘‘ short-range ’’ force supplied by the rigidity 
of the earth. Thus the field in F is not everywhere uniform and the paradox 
does not arise here. 

In a restricted region of space we can, in fact, realize a uniform gravitational 
field to any desired approximation. Then it follows that an observer in the 
region, confining his observations to that region and working within the given 
approximation, will not detect the field. In fact, he can regard himself as 
being at rest in a newtonian frame in field-free space, even though his frame is 
accelerated relative to a given newtonian frame elsewhere in the space. There 
is again no paradox in this case. 

2. Remark on newtonian relativity. In passing, a remark may be inserted 
regarding a familiar illustration of “‘ newtonian relativity”’. If a train is 
moving uniformly along a straight track, it is pointed out (correctly, of course) 
that it is impossible to detect this motion by experiments performed inside 
the train. It is also worth noticing that, if the train is moving with uniform 
acceleration, it is impossible to establish the fact by experiments performed inside 
the train. For it is impossible by such experiments to discriminate between 
the effect of uniform acceleration of the train and uniform gradient of the track. 

3. Statement of the result. The purpose of the present paper is to point out 
that there exist gravitational fields having the following property in regard to 
frames of reference. 

* The fact that a frame of reference is an actual material rigid body is not always 


remembered ; a presentation of the elements of mechanics in which it is very clearly 
stated is that by Synge and Griffith [7]. 
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At every point of a region which may be taken arbitrarily large there is a frame | We 
that serves without approximation as a newtonian frame for the description of | forces 
mechanical phenomena throughout a region which may also be taken to be arbi- | force 
trarily large, any two such frames being nevertheless in mutually accelerated 
motion. 

This conclusion is in strict accord with classical mechanics and introduces 


no paradox. The result is of interest in connexion with the general problem of 80 th 
establishing by observation what frame is to be taken to be a legitimate 
newtonian frame to be used for predicting the behaviour of a given system of 
matter in motion. But this general problem will not be discussed here. and f 


4. Derivation of required systems. The fields required are in fact provided 
by systems originally studied by the late E. A. Milne and the present writer 
[3, 5]. It is necessary to re-derive them in terms suited to the present purpose. | pi, | 

Let F be a given newtonian frame with origin O and let q be the position 
vector of a general point relative to F ; let t be newtonian time. Considera 
finite distribution of gravitating fluid of which the distribution and state of 





motion are spherically symmetric about O. More particularly, consider a _ 
case where the velocity of a particle of the fluid at q is of the form R(t) j 
IRD, os.ttucancecccescosstbasesenereaccslssed (1) Jaccor 
4 strict 
where V = V (t) is a (differentiable) function of ¢ and is independent of q. A “7 ‘ 
function R(t) is defined by Th 
R'JR=V, R(O)=1 (R’ SdR/db). ........cccececoceeee (2) Jtracti 
, is un 
Then (1) gives tied 
MSIE dacasvcscocencasegenrsciopeacausevusontens (3) and ¢ 
, terize 
da = = W. svaksiccvausiesdccsvaeessnetentsaoeseses (4) Gdentl; 
dt R + 
dq R” of w) 
at = R Gy ccccccccccccccccccccccccsccsocscsoveses (5) rotati 
_ prelatir 
where r is a constant for the particle, being its position vector at the arbitrarily Jiuid ; 
chosen instant ¢=0. P, an 
Let p(q, t) be the fluid density at distance g=|q| and epoch ¢. Then the 
equation of continuity becomes 
Op PR’ da R’ _ 

et Rag * ROR? ecccvccccccccccccccccccccccces (6) Thi 
’ ; desert 
This has the general solution origin 
I. ciccncitinansawnmnincminaiian (1) a 
0 

where f is an arbitrary function. We select the case 

J =He HSH. FPO CHP He) ccccecrsrercccccececsecsesi (8) 


where 7, po are positive constants. Then particles for which r=|r|="% 
permanently compose the boundary of the fluid; within this boundary the 
density is 


See eee ween reer eres erases eeesseeeeees 





a function of t only, and p= p, whent=0. The mass M (q) within radius q is 
M = M (q)=Farpgq?=Fapgt* ...0.c-cccccceccccecccecees (10) 


using (3), (9) and we verify that this is constant for constant r and, in particu- 
lar, for the total mass M, given by r=r,. 
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We suppose that the fluid is moving under its own gravitation and no other 


forces ; we suppose that the pressure is zero. Using (10), the gravitational 
force per unit mass at q is 


-y a (%)-- $rypa (y=gravitational constant). .......... (11) 


So the equation of motion of a fluid particle at q is 


DEAE = — Fa PG os ecccocrsrsceresesesesesesoes (12) 
and from (3), (9) this becomes 


RR” = —$rypo- 
This has a first integral 
FERS +O) Gar yipig, <occsecsecccssessosessovccsess (13) 


where kc? is a constant of integration (written in this form for use in a different 
context). It is to be noted that (13) does not involve the parameter 7,. If 
R(t) is any solution of (13), the system considered is a possible one in strict 
acordance with newtonian kinematics, dynamics and gravitation using a 
strictly newtonian frame of reference F. We now suppose that the fluid is in 
fact in such a state of motion.* 

The system is simply a sphere of pressure-free material expanding or con- 
acting under its own gravitational attraction in such a way that the density 
ss uniform at each instant. The foregoing analysis is required merely to 
establish that such a system is possible in accordance with classical mechanics 
ad gravitation. Any particular system of this sort is completely charac- 
terized by the constant p, and the function R(t), together with the indepen- 
dently assignable constant 7». 

5. Frame moving with a general particle of the fluid. Consider a frame 9 
of which the origin A moves with a particle A of the fluid, 9 being not 
tating relative to F#. At any epoch ¢, let a be the position vector of A 
rlative to F and let q, qa be the position vectors of a general particle P of the 
fuid relative to F, Y, respectively. Then, since (4) is satisfied for all particles 
P, and in particular for P= A, and since q4 =q — a for all ¢t, we have 


dq, fF’ 
=F ws: i dehuemlesaouogecebncehaeeaatvesCene (14) 


Thus the description of the fluid motion in Y is exactly the same as the 
description in F ; in each frame the fluid is moving radially away from the 
wigin with velocity proportional to the distance from the origin, the factor of 
proportionality being #’/R in each case, and in each the fluid-density is po/R*. 

So far as the motion of the system is concerned, an observer at A at rest in 
§ must therefore regard himself as being at rest in a newtonian frame, since 
te sees the same motion as does an observer at O at rest in ¥ who by definition 
8at rest in a newtonian frame. 

The frame Y is not newtonian, being in accelerated motion relative to F. 
But the observer in Y cannot discover the non-newtonian character of G 
fom observations of the system itself, save by observing the boundary. If 
te can see the boundary, he will discover that it is not spherically symmetric 
bout himself. Discovering this, if he then makes the hypothesis that not he, 


* This account is based upon a fuller one [2] which I have recently written in reply 
0criticisms by D. Layzer [1] of the work by Milne and myself but from which the 


* Kollowing discussion of frames of reference is deliberately omitted. A clarification 


utroduced into the above treatment was suggested to me by Professor H. Bondi. 
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but an observer at the centre of symmetry, is at rest in a newtonian frame, hej At 
will find that his being in an accelerated frame is exactly compensated by the § resul 
fact that he is not at the centre of symmetry. For this is the interpretation § this 
of the mathematics leading to (14) and its consequences. Thus we have the § {tam 
interesting situation of the system being such that whether, on the one hand, J equa 
the observer’s observations (of the boundary) lead him to infer the non. fable 
newtonian character of his frame, or whether, on the other hand, his observa. }i3 in 
tions (of the fluid motion about himself) lead him to infer a newtonian §coulc 
character for the frame, in either case he will obtain a mathematically correct § But, 
account of the motion. differ 
We then note that the parameter 7, in (8), which determines the total §s cer 
extent of the system, appears nowhere else in the equations. The value ofr,] g. 
may be taken as large as we please. Thus the region which the observer at A} gted 
can observe without discovering that he is not at rest in a newtonian frame syste 
may be taken to be arbitrarily great. Therefore, of the alternatives stated] youl 
above, the inference that he is at rest in a newtonian frame is the one which hef itself 
will inevitably make in this case. Moreover, the region in which A may bef mes 
taken, so as to have this property, would also at the same time be made§ieha, 
arbitrarily great. are th 
6. Motion of a test-particle. Now let N be any particle, of mass m, moving § frame 
through the system under any given applied force K (such as might be pro-§nte « 
duced, say, by a stretched spring). Let s be the position vector of N in F at§rgar 
epoch t. Then since N is also subject to the gravitational field, given as in (11),fshie 
at its instantaneous position, its equation of motion is nine 


m d*s/dt® = —$rymp8+ BK. ......ccccccccccecccccceees (15) 


Also, since A coincides with a particle of the fluid, from (12) the equation offence 
motion of A is not pi 

PRE — FOR cscs ns dcercsscsdensnncrsoescocnes (16)gprefer 
If then sq is the position vector of N relative to A in Y, so that sa=s-a, rea tr. 


Inet .a¢ 
we obtain by subtracting m times (16) from (15) So. 


m Gay |dt® = — Fama + K.. .....0ccccccscccecccevecess (17)foutsid 


This is the equation of motion of N in the frame Y but it has been obtained by og 
using the laws of mechanics and gravitation only in the newtonian frame JJ 
If an observer at rest at A in Y has discovered the nature of the system ass edi c 
whole he will derive the equation of motion of N in the way we have just doneff, de 
being aware that his own frame is not newtonian. r * 
However, if this observer has inferred a newtonian character for Y, for the ~ 
reasons previously stated, he will write down (15) for the equation of motiomf °° | 
in his own frame i.e. with sq in place of s in (15). But this is in fact equatiog”” 8 
(17), the correct equation of motion. Thus the treatment of Y as a newtonian 
frame leads to the correct equation of motion for a particle moving under any 
force and, consequently, to the correct equations of motion of any mechanical 
system (provided this is wholly within the fluid). 



















The statement in section 3 is thus established for the set of frames like G, whi is 
includes in particular the original frame F . 2. N 

7. General frame. Let # be a possible frame of reference in the same fieliJ 3, 1 
as before but not necessarily moving with the fluid. The frame is an actu 
rigid body acted upon by the field ; we suppose B, say, the origin of # tol 4. N 
also the mass-centre of the body, which we suppose to be non-rotating relativ@ 5, M 
to ¥ ; weignore any displacement of the fluid by the body. Then, if sg is t & S: 
position vector of N relative to B in #, a calculation corresponding to that1 ‘ 
section 6 gives for the equation of motion of N in # precisely equation (1/9 7. S: 





with sg in place of sq. 
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At first sight it might therefore appear that we could generalize the previous 
results from the set of frames Y to the set of all possible frames like #. But 
this is illusory. If # is moving through the fluid, an observer, using this 
frame and noticing that the particles of the fluid always satisfy the stated 
equation of motion (with K=0) in spite of his motion through it, would be 
able to infer the true nature of the system. At any rate, the inference of what 
isin fact the true nature is the simplest inference he could make. Unless he 
could see the boundary, he could not determine the actual centre of symmetry. 
But, knowing the nature of the system, he would know that this makes no 
difference and that, as we have seen, he could treat any particle of the fluid as 
acentre of symmetry and an origin of a newtonian frame. 

8. Remarks. It is worth noticing that the initial frame A, which was postu- 
lated to be newtonian, is in fact the only possible strictly newtonian frame for the 
ystem. For, according to classical mechanics, any other newtonian frame 
would have to be in uniform motion relative to F. But any frame, being 
itself necessarily acted upon by the field, would be accelerated relative to F 
mless it permanently coincides with F. Consequently our frames Y not only 
behave like newtonian frames to the extent which we have described, but they 
are the nearest approach possible in the system to the realization of any newtonian 
frame other than F. In this way our system comes very near to realizing at any 
mte one requirement of the so-called ‘“ principle’? of E. Mach. For, if we 
rgard the system as a smoothed-out model of the universe, then we do 
whieve the situation in which the contents of the universe themselves deter- 
nine what is (as nearly as possible) an inertial frame at each point. 
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We might now try to proceed to the limit r>—-00 when every frame Y would 


“ibecome completely equivalent to F, there being then no boundary, the exis- 


tence of which is the only feature permitting any discrimination. But it is 
uot possible directly to assign significance to such a limit (see [2]). It seems 
preferable to adhere to the case of arbitrarily large r, and to admit that the 
tteatment of an unbounded system is more satisfactorily dealt with by the 
metiiods of the theory of general relativity. . 
So long as r, is not taken to be infinite we may wish to ask about a frame 
utside the fluid. But, from the standpoint of the topics dealt with in this 
faper there is no particular interest in this case, the external gravitational 
field being merely the same as that of a particle of mass M, fixed at O. As 
mgards the cosmological applications for which Miine and the writer first 
tudied these systems, there would be no significance for frames outside the 
fuid since the fluid is taken to represent the whole universe. 

Finally, it may be noticed that problems arise as to how far results such as 
those described here can be extended to any system of fluid moving under its 
wn gravitation but these are outside the scope of the methods used here. 
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ON THE MARKING OF CHESS-PLAYERS 
By I. J. Goon. 


The purpose of this note is to suggest a system of marking chess-players t hat is 
both simple to apply and based on a theoretical background. The non. 
mathematical reader will not need to understand the formulae, but is re- 
commended to read all the words. 

In the British Chess Federation Year Book, 1953-4, pages 39-42, there is 
an article entitled ‘“‘ A grading system for British players”’. It describes a 
system that it admits to be open to some objections. At first sight the system 
looks reasonable and is fairly simple to apply, though of course any system 
requires a fair amount of calculation if it is to be applied to hundreds of 
players. An objection to the system, mentioned in the article, is that it is 
always profitable to play an opponent whose mark exceeds one’s own by more 
than 500 points, unless the system is modified in an inelegant manner. The 
publication of the article is stimulating to further thought and the system to 
be described here is one of the results. It is not open to an objection of the 
above form. 

The theoretical background rests on one basic principle, and on two as- 
sumptions that may not be very accurate for the game of chess. But one could 
imagine a type of game for which they were accurate and for this type of game 
the system would be decidedly just. Once this assertion is accepted it seems 
very reasonable to apply the same system to chess. The system is intended 
to have the important property that once the players are correctly marked, 
they will not be expected to deviate much from their correct marks even if 
their match captains should consistently place them too high or too low in the 
team. 

It will be convenient to distinguish between the terms “ mark ”’ and 
‘* score’. The (correct) mark of a player is to be a real number, x, which is an 
increasing function of his playing strength. It is true that in practice “ tn- 
angles ” exist, in which player A tends to beat player B, B to beat C and C to 
beat A; but since we can hope only to achieve rough justice by means ofa 
simple marking system, it would be splitting hairs to bother about such finer 
points, and we might as well assume that we can legitimately talk about 
‘* playing strength ”’ as if all players could in principle be well-ordered. 

A ‘‘ score ” is to be a number added to the current “ mark ”’ of a player asa 


consequence of the result of a game played. Whatever the strength of af: 


player compared with his opponent, his score is positive if he wins and negs- 
tive if he loses, and is to be regarded as a fairly small correction to his current 
mark. We imagine that the players to be considered have various marks at 
some moment of time, and then are successively corrected as time proceeds and 
more games afe played. 

It might be thought that the distinction between “‘ marks ’’ and “ scores” 
is unnecessary, and it is not made in the B.C.F. Year Book. But this distinc- 
tion does correspond to the way in which we judge people, both in chess- 
playing and in other abilities. The distinction leads quite naturally to the 
effect that games played several games ago make only a small contribution 
to our current estimate of a player’s ability. For this reason it becomes un 
necessary in principle to introduce an arbitrary period of time during which 
the games played are relevant to the marks. 

For short we refer to the “* player x ”’ for a player whose current mark is. 
If a player x plays against a player y, let the probabilities of a win, draw, o 
loss be p(x, y), g(x, y) and r(x, y), respectively, where 


PUL, Y)*T(Lr YE P(L, YH, cccecceccrcceccecsecceccees (Ih. 


T(Y, LH) =P, Y)- .ccccccccscccccvccccsesceccoscoes (2) 
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It would be possible to determine the functions p(x, y), etc., experimentally, 
given any reasonable system of marking players, but first we need a reasonable 
system. One such system is suggested below, based on some assumptions that 
are not claimed to be at all accurate. My own guess is that the system would 
require only slight modification in the light of experimental results. 

It is important, not allowing for phenomena like “‘ triangles ”’, to insist on 
the principle of no incentives, namely that it is not in a player’s interest to play 
one player rather than another, assuming all players to be correctly marked; 
ie. we require that the expected score when player x plays player y must be 
independent of y and must therefore be zero (since y could be equal to 2). 
(We may also argue that the score is a correction to the mark, so its mathema- 
tical expectation must be zero if the marks are already correct.) Thus 


P(x, y)f (x, y) +(x, Y)g(x, y) +7(x, Y)R(X, Y)=O, -reeeeeeeeeeees (3) 


where f, g, h, are the scores for a win, draw, loss, respectively. 

We cannot insist on a general principle of no incentives, where players are not 
necessarily correctly marked. For it is clear that with any reasonable system 
of marking, a player who is undermarked will expect to receive faster pro- 
motion if he is allowed to show his mettle against strong players. And if he is 
correctly marked he can expect to find it profitable to play against over- 
marked opponents. This type of injustice is inevitable and tends to correct 
itself in the long run, whereas a violation of the special principle of no in- 
centives would lead to permanent incentives favouring unethical behaviour. 


A neat way of ensuring that the (special) principle of no incentives is 
satisfied is by taking 
acl _k ap — 
f(x, yy=k = log p(x, y) ane g(x, y)=k _ log q(x, y), ete. ...... (4) 


where k is a fairly small constant to be determined later. For with these 
definitions of f, g, and h, (3) will follow automatically from (1)! The definitions 
have the further advantage that they tend to modify x in such a way as to 
increase the “‘ likelihood ”’ of the observed results of the games. 

In the next step of the argument it is convenient to avoid the consideration 
of draws by means of a trick. We can suppose for the moment that if two 
players draw a game then they play again and again until the first non-draw. 
A complete sequence of games like this, terminating in a non-draw, can be 
talled a ‘‘ modified ’’ chess game. Every modified chess game is either won 
or lost. The probability that player xz will beat player y in a modified chess 
game is 


P+ apt qty +g *9p+ ..c=—P]l(L—Q).  wecccccccccceccccccccces (5) 


We now assume that (in modified chess) the odds of x beating y times the odds 
of y beating z is equal to the odds of x beating z. This assumption is certainly 
not accurate, but without a considerable amount of work on analysing the 
results of many games it would be difficult to find anything more accurate. 
Moreover the present assumption leads to a simple system.* It should, 
however, be noticed that if the assumption were found experimentally to be 
to inaccurate it would always be possible to go back to the definitions (4) 
and thus to construct a more satisfactory system. 

The odds of x beating y in a modified game of chess is simply p(z, y)/r(z, y), 
% the assumption gives us the identity 


\§ ‘Zermelo made a similar assumption in “Die Berechnung der Turnier-Ergebnisse als 


Bein Maximumproblem der Wahrscheinlichkeitsrechnung”’, Math. Zeit., 29 (1929), 436 
~60. 
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p(x, z)_ p(x, y) ply, 2) 
r(x,z) r(x, y) r(y,z) ~ 





Let p(x, y)/r(x, y)=exp r(x, y). Then the function 7 satisfies the identity 


F(X, SP=F(Ly Y)AT(Ys So seccevcsccevececesosscoorce (7) 


By putting y=z we see that r(x, x) is identically 0. By putting z=z in (71) 
we see that 7 is an antisymmetric function of its two arguments. By differen. 
tiating (7) partially with respect to x we see that the partial derivative of 
+(x, y) with respect to x is independent of y, so that r(x, y) is a function of z 
alone plus a function of y alone, and since it is antisymmetric it must be of the 
form t(x)-—t(y). t(x) may be taken as an increasing continuous function of z, 
so it will do just as well as x as a measure of the playing strength of the player 
zx. Transforming to this new ‘“‘ mark ”’ (thus changing the original meaning 
of x) we see that 7(zx, y) is aconstant times «-y. By an appropriate change of 
units in terms of which the marks are measured, we may take the constant as 2. 
We then have, using (2), that 


P (2, y) _P(#, y) — e2(r-v), 
r(z,y) ply, x) 

It follows easily that 
PA warns tn tess siccrsvecectsoncsesscesce (9) 


where ¢(z, y) is a symmetric function of x and y. 
Here again we are stuck without some experimental results or further 
assumptions. We at least obtain simple formulae if we take 


$(x, y)=1/(C + e*-¥ + ev-*), (C constant) ......... (10) 
which makes p(x, y), q(x, y) and r(x, y) functions of x — y and gives, for example, 
ie aR UIA: . iS crhcaisicastinisavleintaniosiaattal (11) 


This implies that the probability of a draw between players of equal strength 
is independent of their strength. This implication is: certainly not accurate 
but may not lead to too bad a scoring system. For masters the probability 
of a draw is about 4 so we take C =2 and obtain : 


iC =P, Sp IE POOR DY ivesicsececscrcecevccccbccsseereseud (12) 
GHG DEH TDAT FH COMNA)  cccdcicccesesscdvcsvncevsccsasessevseses (13) 
ens Oe OEE OI IED enc sccnccccsecbedecececsiwsseccseee (14) 
P(x, y)=p(x-y), a(%, Y)=Q(z— YY), T(t, YP=T(W—Y) veeeeeeeeres (15) 
F=f, QHE . (LF EAT COM: Z) ccvcsccsscscnsorcessosesece (16) 
g(x) =9(z, 0)= —K&. sinh 2[(1 + cogh 2)........ccccsecccsscceccecs (17) 
h(x) =h(z, 0)= —K. (1 +e%)[(1+cosh 2) ........cceceeceececeees (18) 
DOI OND, | ccccntsccctninncesecetciackavedetacsdeseeiaaided (19) 


For practical purposes these functions could all be tabulated, but it is more 
convenient to work to the base 10 instead of e. (See below.) 
k could be determined by a rule of the form : 
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If a player who is marked originally as having a chance of 1/100 of beating 
a master proceeds to win ten consecutive games against different masters, 
then he should himself be classed as a master or close to one. ..............065+ (20) 
The parameters suggested here could be agreed or varied by a responsible body. 

The system described here is not precisely iterative in the ordinary mathe- 
matical sense, but can be expected to converge on the whole, as time passes, 
to the correct strengths of the players. Games played some games back have 
less and less effect on the current marks. This property implies that the order 
in which the games are won is relevant. 


at+f(x, y)t+f(et+f(a, y), z)#U+S (eT, Z)AS(LAS(L, Z)y Y) cccceccceceeees (21) 
though the two sides may be nearly equal. 

The unit in terms of which x is measured can be changed from the above 
natural unit to a decimal unit. If the mark is X decimal units, then e*= 10%, 


90 that X = 0-43432. For purposes of calculation it is convenient to introduce 
the notations 


P(X)=p(x)=10*/(2+ 10% + 10-*), ete. 


let e* = 10% = U =u, so that U is the antilogarithm of X to base 10 and is equal 
tou, the exponential of x. We can then easily see that 


U3 2U 
P(X)= (1+ Uj?’ Q(x )= (1+ U)?’ R(X)= aT Cocccccccccccccoce (22) 
2 
F(X)=7-5- K, @(x)= -F. K, H(X)= -qo4-K iia (23) 


where K =0-4343k. Note the checks 
P+Q+R=0, PFiQG+RH=0. 


Suppose K is determined by the condition (20), though I am by no means 
dogmatic about this condition. We find, by a method of successive approxi- 
mation, that K=0-07. Let us follow the progress of the prodigy described in 
condition (20). We carry three places of decimals in the calculations, but we 
multiply throughout by a factor of 1000 in order to avoid decimal points. 
We may be said to be working in units of “‘ millibels ’’. In the following table, 
X, denotes the mark after the rth consecutive victory. The last column, 
which is 1/U?, gives the odds in favour of the master beating the prodigy in a 
game of modified chess, if our assumptions are exact. Even if the assumptions 
are inaccurate the scores have the desirable property of decreasing as the mark 
increases ; desirable because our opinion of the prodigy’s strength clearly 
receives a greater jolt by his earlier victories. 














? 1000X, | Odds | r 1000X, | Odds 
0 — 1000 | 100 6 - 309 | 4-1 

1 — 873 56 ¥ -215 | 2-7 

2 — 749 31 8 -128 | 1:8 

3 — 630 18 9 -48 | 1-25 
+ - 517 11 10 +26 | 0-89 
5 — 410 6-6 





























We now suppose that the prodigy goes on to win his next twenty games, 
gainst various masters, all of whose marks are zero as before. In the following 
lable the last column now represents the odds in favour of the prodigy. 
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| 
| r | 1000X, | Odds r | 1000X, | Odds | 
1l | 94 1-5 21 549 12-5 
12 | 156 2-1 22 580 14-5 
13 214 2-7 23 609 16-5 
14 267 3-4 24 637 18-8 
15 316 4-3 25 663 21-2 
16 362 5-3 26 688 23-8 
17 404 6-4 27 712 26-5 
18 444 7-7 28 735 29-5 
19 481 9-2 29 757 32-7 
4 20 516 10-8 30 778 36-0 


























As another example we shall consider a great Grandmaster’s downfall. 
We suppose that his initial mark, X,, is 2000 millibels, so that it is initially 
10,000 to 1 on that he will beat a master at modified chess. But instead he 
keeps on losing against various masters whose marks are zero. The following 
table shows how our opinion of the Grandmaster’s current strength keeps on 
falling. After the 17th game he is a mere master. After the 30th loss the odds 
have sunk to 15-7 to 1 against. 






































| 

r | 1000X, | Odds | r | 1000X, | Odds | r | 1000X, | Odds | 
0 | 2000 10000 11 557 | 13-0 | 21 | -250 | 1/3-2 

1| 1861 5270 12 447 7-8 22 | -300 | 1/40 | 
2| 1722 2780 13 345 4-9 23 | -347 | 1/49 

3| 1584 1470 14 249 31 24| -—390 | 1/60 | 
4| 1447 780 |. | 15 159 2-1 25 | -430 | 1/7-2 
5| 1312 420 16 76 1-4 26 | -468 | 1/8-6 
6| 1179 230 17 0 1-0 27 | - 604 | 1/10-2| 
7| 1047 124 18 -70 | 1/1-4 28 | -537 | 1/11-9| 
8 919 69 19 | -136 | 1/1-9 29 | -568 | 1/13-7 
9 794 39 20 | -195 | 1/25 30 | -598 | 1/15-7 
10 673 22 bets 














We conclude with a few remarks about the practical application of the 
system. It would beasimple matter to tabulate the functions F, G and H, and 
the tables for — 2000<X<2000 would occupy only a few pages of print. 
In order to obtain the scores to be allotted as a consequence of a game be- 
tween two players of known initial marks, we would merely enter the appro- 
priate tables under the value of X equal to the difference between the two 
initial marks. 

A practical difficulty in applying this or any other system is that some of a 
player’s opponents are of unknown strengths. After a time it would be 
possible, by means of a regression analysis, to determine empirical formulae 


for the strength of a player on board n of a team of known record. 
I. J.G. 








1837. Both wingers owe gratitude for the stream of mathematical passes 
which came to them from their inside men and wing halves. Cardiff just could 
not compete in this sphere.—News Chronicle, August 26th, 1954. [Per Mr. A. 
J. Hull.] 
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2559. A Pretty Series. (Note 2419.) 
It was probably inevitable that I should see a hypergeometric series lurking 
in the background behind Mr. D. F. Ferguson’s assertion that 


@o 
z (+1) aay when 2x=2/27. 
r=1 r 


In fact, when we take the coefficient 
@ + ') _ (3r+D! 
r J ri(2r+1)! 


and rewrite the factorial in the numerator and the second factorial in the 
denominator in the form of products, thus : 


2.5.8... (38r-1)x 3.6.9... (87)x 4.7.10... (87+ 1), 
2.4.6... (2r)x3.5.7... (2r+1), 
we immediately see that 
o 2 2 
FCP er $d). 
We now apply Kummer’s quadratic transformation 
F(2a,2b;a+b6+4;t)=F(a,b;a+b+4; 4t(1-2)), 


valid when 0 <¢ <}, to be found in most treatises which have anything to say 
about hypergeometric series, together with the Gaussian formula for 
F(a ,b;c; 1) in terms of Gamma functions. We thus get 


5 (+1) (2¥-p(2,4,3,) 
1+ 5 ( r J*\a7] =F Ag 3% 9% 0 


=F(3 2.3, ,)_fl3/2) FU/2) 
~~ \g’?3’2* 7” (7/6) r(5/6) 
37 


a 
r1/6) (5/6) 
whence Mr. Ferguson’s result is obvious. 
I hope that some contributor to the Gazette will succeed in constructing a 
proof which is not open to the accusation of being high-brow. 
G. N. Watson. 


2560. A note on convergence. (Note 2425.) 

The note concerning the limits 

(i) a" 0; (ii) na" 0; (iii) n’x"— 0, 
a8 n—00 (with 0<a2< 1 and r any given positive integer) by Prof. R. L. Good- 
stein contains a very simple proof of (i) from which he deduces a proof of 
(ii) and thence, by the method of complete induction, a proof of (iii). 

The first thought which entered my mind when I saw the note was that I 
had been brought up to prove (iii) directly by what is substantially a standard 
method of proving the special result (i) ; though this method is, admittedly, 
tather less simple than Prof. Goodstein’s method of proving (i). It was not 
long before I discovered that the direct method of discussing (iii) was given 
by K. Knopp, Theorie und Anwendung der unendlichen Reihen (Berlin, 1922), 


x 
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58; it was doubtless this treatise which familiarised me with the method 
A suitable combination of the methods used by Goodstein and Knopp 
provides the following surprisingly simple proof ab initio of the three results 
simultaneously. 

Let x and r be given real numbers, with 0<2< 1 and r a positive integer 
(zero included). Let a be the positive number such that 
at =-z, 
so that 0<a<1. Then, n being a (variable) positive integer, 
na"<l+a+a?+...4+a"- 
l1-a” 1 
=———-<——., 

l-a l-a 
that is to say 
1 


nanlr+ve —n 
1 — a /(r+1), 
and hence 


1 
(1- il(r+ +1)yr+h , 





nt 1yn <—_—— 


When we rewrite this inequality in the form 
1 


1 
<< (1 — atl(r+1)yr+a? 
the truth of (iii) becomes manifest. Moreover, (i) and (ii) are merely special 
cases of (iii), obtained by assigning the values 0 and | to r. 

After I had put the foregoing analysis together, I realised that a purist 
might feel qualms at the introduction of the (r+1)th root which is inherent 
in the definition of a. The analysis which I now give is free from objection on 
this score, though I regard it as rather less elegant than the investigation 
just given. 

Define the (variable) positive integer N by the inequalities 

N -1<n/[(r+1)<N. 
so that N is a function of n. 
Then 
ntti <{(r + 1)N}T+1, a <glNo2 (r+) ; 
also 
sacar oorie tes oo + aN 

' 1-2 ca 1 
1- 1-2" 
By combining these inequalities, we have 


nity <{(r+1)NaN-yrH 
- (PY ven 


(2. r+ 
“aia * 


When we rewrite this inequality in the form 
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the truth of (iii) becomes manifest, while, as before, (i) and (ii) are to be re- 
garded as merely special cases of (iii). 
G. N. Watson. 


2561, The roots of a transcendental equation. 


In a recent paper (Gazette, Sept. 1954, p. 161) H. Goldenberg has proved 
that the equation 


< 
F(z)=coth 2+b-c/z=0, — 
has no roots with positive real part. This result can be proved very simply, 
in the following way. 
We have, using the familiar expansion of coth z, 








@ 
F(2)=b+(1-0)/z + 5 ( ; <+ : ). 
n=1%-Nat z+nni 


Now if 2z>0, &(ztnmi)>0, whence a—"—>0, for each n. Thus if 
WT 


9z>0, AF >0, and the required result follows. 

It is, incidentally, immediately obvious from this proof why the conditions 
c<1, b>0 arise, and that, moreover, equality is permissible in both cases. 

It may be remarked that the above is only one of many miscellaneous in- 
stances in which “ positive ’’ functions (i.e. functions whose real part is positive 
in the right half-plane of the variable) may be usefully invoked. A paper on 
properties and applications of such functions is in course of preparation. The 
properties of positive functions are of particular importance in the theory of 
electric networks, and analogous systems, since the impedance function of a 
general two-terminal network is necessarily positive. 


A. TALBOT. 


2562. The triple vector product. 


In recent years, a number of proofs of the formula for the triple vector 
product have appeared in the Gazette (Notes 2050, 2051, 2052, 2060, 2198). 
In this note a new proof is presented which is at least as brief as any of the 
previous ones. 

Given the vectors A, B, C, let By, C=V. Then if 4 is the acute or obtuse 
angle between B and C, V= BC sin @. 

In the plane of Band C, rotate B through 90°, towards (and perhaps beyond) 
(, to the position B’, and rotate C through 90° in the same sense, to C’. Then 
the angle ¢ between C and B’ is acute, and is |47-9|; the angle between B 
and C’ is r+ ¢- 

Clearly B, B’, V form an orthogonal right-handed triad, and B’ ,V= VB. 
Similarly, C’ aV= VC. 

Now we may write 


A= pB’ 7 qv’ + rv. 


Then A,V=pVB+qVC. 
Also, A.C=pB’.C=pBC cos d=pV, 
while A.B=qC’.B=qBC cos (7+ ¢)= -qV. 


The required formula 
A,(B,C)=(A.C)B-(A. B)C 
follows at once. 
A. TaLBor. 
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2563. Real geometry and complex geometry. 

1. Nearly twenty years ago Mr. Robson (Gazette XX, p. 51) objected to the 
phrase “‘ the imaginary foci of an ellipse ’’ on the grounds that if the geometry 
is complex there is no distinction between ellipse and hyperbola, and if the 
geometry is real there are no imaginary foci. He asks to what geometry the 
phrase refers. As far as I can see, there has been no reply to this note, so I 
propose to try to justify the phrase. 





2. Klein defined a geometry as the study of those properties which remain 
invariant under a group of transformations. So plane projective geometry 
studies properties invariant under the transformations 


x’ =a,x + by + ez 
y’ = ar + bey + C22 
2’ = asx + bgy + C52 


where (2, y, z), (x’, y’, 2’) are homogeneous coordinates, and 





| a, b, Cy 
| a, be cg |+#0. 
| a, bs Cy 


Affine geometry is derived from projective geometry by keeping invariant one 
line of the plane, say z= 0. The affine transformations may therefore be written 








x’ =ayx+ by + Gz “ b 

y =a,x+by+c.z where < B | #9. 

2’ _ Z, a2 2 
The Euclidean similarity transformations are obtained from these by taking 
a,=b,, adg= —,, and the Euclidean congruence transformations are obtained 
by taking also a,*+6,2=1. The properties invariant under all Euclidean 


congruence transformations constitute what is usually called Euclidean 
geometry. 

3. Now so far we have not specified the field of numbers to which belong 
the coordinates or the coefficients in the equations of the transformations. 
If these are all real we get real geometry, and if they are all complex we get 
complex geometry. In neither of these can we talk of the imaginary foci of an 
ellipse, for the reasons which Mr. Robson states. 

Let us consider now the case where the coordinates are complex but the 
coefficients in the equations of the transformations are real. This is a sub- 
geometry of complex geometry, just as affine geometry is a sub-geometry of 
projective geometry and Euclidean geometry a sub-geometry of affine 
geometry. 

One of the properties of conics which is invariant in this geometry is that 
of being real, that is to say, having an equation which can be written in such 4 
way that the coefficients are real. 

We can now define an ellipse as a real conic 

ax* + Qhay + by* + 2guz + 2fyz+cz*=0 
for which ab-—h?>0, since this property is also invariant under the trans- 
formations considered. (The question of whether we count as an ellipse 4 
conic with a real equation but no real points, such as x* + 2y? + 3z?=0, is 4 
matter of convention.) It may now be shown, in the usual way, that the 
tangents from the points (1, 7, 0) and (1, —7, 0) intersect in four points, two 
of which are real and two imaginary. 

4. [hope I have made it clear that there is a geometry in which we can talk 
about the imaginary foci of an ellipse, though I cannot think what to call it! 
On the other hand, I agree with Mr. Robson’s implied point that one should 
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always be quite certain of what geometry one is talking about. It is a valid 
criticism of many text-books that complex points are introduced without any 
proper explanation. 

E. J. F. PRIMROSE. 


2564. The response of simple control systems. 


The form of response of a control system is determined by the roots of its 
characteristic equation. If this is a quadratic 


OUP OSO  oveidakctsibecsevacossseaweesen (1) 


with complex roots, the response is a damped oscillation, of the form 
e-’t cos wt when the roots are (— p+i)w. The quantity p, the ratio of the 
real to the imaginary part of the roots, is thus a direct measure of the decrease 
in amplitude of oscillation per cycle, independently of the frequency of oscilla- 
tion ; since 27p is the logarithm of the amplitude ratio, it is sometimes called 
the logarithmic decrement. It is important for the designer of automatic 
controls to be able to estimate the value of p quickly, in the early stages 
of a design, from an approximate characteristic equation. 

Substituting (-—p+7)w for x in equation (1) and separating real and 
imaginary parts, we obtain the relations 


a(p?- 1)w*-bpw+c=0 





— 2apw* + bw=0 
Eliminating w between these equations, we find 
4p? 
3 "GO ccc cccccccccccecerccsceccceccoceseeses 
b ee aa aeiabbieeele nip aabda on smeesaeers (2) 
or P= DMCC = D9) 5 hs cccscdadecgeccnsdseastonnavcesse (3) 


Equation (2) could be used to obtain a relation between the coefficients for a 
given decrement ; thus, for very light damping p—0 and b—-0, for p= 1/27 
(i.e., a decrement e per cycle as used in process control work) b = 7 ac approxi- 
mately ; for heavy damping, as in position control, p=1 and b*=2ac. For 
critical damping p—>oo and b?= 4ac. 

We also find from the equations above that w=b/2pa= ./(4ac — b?)/2a, so 
that if p=1, w=b/2a=c/b. Use of these expressions gives an immediate 
indication of the rate of response of the system. 

The solution of a quadratic characteristic equation is so simple that the 
treatment above is given mainly for illustration. 

When the equation is a cubic, however, the results are more interesting and 
more useful. Consider the equation 


OOP BE ODA EHD. 6ocsnscsorcsccnacsnesorousesensaens (4) 


Substituting (-p+7%)w for x, and separating real and imaginary parts, we 
obtain the equations 


(3p — p®)w? + O(p?— L)w*?-—Cpwtd=0 —...cccccceccsecsecees (5) 
@(Sp* — Tew? —' Bhat + C=O  ...sccscessocascoscrosceoness (6) 


It would be possible to eliminate w between these equations, by using Syl- 
vester’s Theorem to obtain a determinant ; it would also be possible to solve 
equation (6) for w and substitute the result in equation (5). Either approach 
would be exceedingly laborious, but the following method is not unduly 
tedious. From equation (6) obtain a value for w*, which is then substituted in 
equation (5), thus reducing it to the quadratic 
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3p?- 1 is 
Met et et Sy PTUTETELETIT ETT TT Tee (7) 


which must be solved simultaneously with 
Ag — Ty — Bipee OHO cencciccssesnnssccsvesnsseese’ (8) 


Again, it would now be possible to equate solutions of w obtained from the 
two equations and square the results twice to eliminate square roots, but it is 
better to proceed as follows. Eliminating w? between equations (7) and (8), 
we obtain : 


2p(p?+ 1) {b?(p?+ 1) — ac(3p? — 1)}w=be(p? + 1)? — ad(3p?- 1)? ........ (9) 
and eliminating w between the same equations gives 
(p? + 1){ b?(p? + 1) — ac(3p? — 1)}w? =c*( p? + 1) — bd (3p? — 1)......... (10) 


An expression relating p and the coefficients of the original equation is 
immediately obtainable from these by equating the values of w? given by the 
two equations above. It would be too complicated to be of much practical 
value. Expressions which are useful, however, can be obtained for par- 
ticular values of p which are of practical importance. 

If p is small enough for 3p? to be neglected in comparison with unity (say, 
p<#), then equations (9) and (10) reduce to 


(b? + ac)w = (be — ad)/2p 
(b? + ac)w? =c? + bd 


whence be — ad = 2pr/(b? + ac) (C7 + Od) ......0ccceececeeceecees (11) 
so that p can be expressed in the symmetrical form 
1 - ad/be 





P~ 2,/(a/b + b/c) (dje + ¢/b) 


Clearly p is zero or negative, corresponding to an undamped or divergent 
oscillation, if be <ad. This is the well-known criterion of Routh. The truth 
of the criterion is clearly demonstrated by the fact that when b= ad/c, equation 
(4) can be factorised as 


(x? + c/a) (cx +d)=0 


one of whose components represents an undamped oscillation of frequency 
v/(c/a). 

The error of equation (12) in determining p depends upon the magnitude of 
the third (real)/root of the characteristic equation ; the error is small when 
this root is very small or very large and it is greatest when the root is nearly 
equal to pw. The error is always on the “ safe’ side: that is, the value ob- 
tained for p is too small. 

Introducing dimensionless functions of the coefficients, defined by 


A=ad/be and »p=ad?/c*, 
equation (11) can be written 


pl = AT + plAD Wipe) ncceccsceccicceneseenssesans (13) 


Using \ and » as axes, contours for constant values of p might be plotted from 
this expression. The functions A and , will often have a physical significance 
in practical problems. The condition for the control system to be stable is 
0<A<1. 
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For p= 1, equations (9) and (10) reduce to 
2(b?-—ac)w =be -ad 
2(b? — ac)w? = c*? — bd 
whence (bc — ad)? = 2 (b* — ac) (c? — bd) 


| or CE = NP SE — AND — Aa) Sonne ce scn ccc ccceceesens (14) 


If ax* + bx? + cx + d is divided by 
(x + pw — iw) (a+ pw + tw) =x? + 2pw+ (1+ p?)w?, 


we find the dividend is (ax + b — 2apw), so that the third (real) root of the equa- 
tion is given by 


gH Zpw — GD ocsisccccsiovsassoccssvesseosesocwoed (15) 


Now we have already found that 


be — ad 
= EF - auddavceaucuspacenameeneeesneuas sere eee 16 
” b? + ac sates 
for small values of p, so we then have 
_be-ad b a*d + b8 (17) 
a +a a = a*c+ab*" eee ewe e eter eeeeeseseeeeees ‘ 


We also have, dividing equation (16) by the expression for 2p in equation (12), 
a ECP EA GOT cancvascccectevesesucocecwaste (18) 
When bc=ad, p=0, w=J(c/a)=./(d/b) and 2,= —b/ja=-d/c. For 2,>1, 
we must have b>a and d>c. 
In the particular case where p= 1, equation (8) gives 
2aw* - 2bw? +c=0 
whence SD gO" = SAC ES ccicccceciccaviecsecsizocneoeren (19) 
Substituting this value of w in equation (16), with p=1, we find 
X3= — »/(b? - 2ac)/a 
= —d/,/(c? — 2bd), 
since relation (14) can be expressed in the form 
a*d? = (b? — 2ac) (c? — 2bd). 


If |x| >1, b?-a?>2ac and c? -d?<2bd, so these are the conditions for the 
transient corresponding to the real root to be more rapidly damped than the 
oscillation resulting from the complex roots. 

R. H. MACMILLAN. 


2565. Approximations to roots 


Suppose that we have a table of nth powers (n not necessarily integral, so 
that tables of roots are covered also), with arguments m which we shall suppose 
to be exact, with only a few significant figures, and respondents M =m", 
possibly given to a large number of decimals, for non-integral n. 

There is then a general procedure for determining values Z’ which are ap- 
proximations to Z = 2", where z is not a tabular argument, with various degrees 
of high accuracy, as follows. 
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We choose a (small) integer k, and determine Z’ from 


k 
Z'|M - [ z 


r=0 


& 
(k +n). (k - nigget-Fmt) |/[ z i(k — Ninn (k + nyiggt Fmt | 
rT 


where terms of the type 7,) are binomial coefficients (or reduced factorials), 
It can be proved that if z=m(1+2), we have Z’=Z(1+y), where 


y — (— )FH [( + m)(on+1)/(2k)Q) e+, 


as xz-—>0. The greater is the value of k, the greater is both the accuracy and the 
complication of the procedure. 

The coefficients of the successive z*-"m’ in the right-hand expression above 
are the same in the numerator and in the denominator, but taken in opposite 
orders. Many-figure working is necessary only in one division and one 
multiplication, finally, if both z and m are exact values with few significant 
figures. If the method is used with special tables, it is preferable to make the 
arguments m proceed in an approximation to a geometric progression. This 
makes for comparable degrees of accuracy in all parts of the table, as compared 
with linear-argument tables, and permits reduction of the table size, for the 
same accuracy in the worst part of the table. In many applications a one- 
page table will then suffice. 

The 2k+2 binary products of binomial coefficients which appear in the 
formula represent 2k + 1 disposable constants which are in fact chosen to make 
the coefficients of the x* in the error-term vanish for 0<s<2k. A proof is 
possible by the use of well-known combination-relations involving binomial 
coefficients (Vandermonde’s relation, and various transformations of specia 
binary products), after transforming to polynomials in x and equating the 
polynomial-quotient to a series beginning similarly to a binomial series, and 
then multiplying throughout by the denominator-polynomial, and equating 
coefficients of successive powers. 

The case k= 1 gives the formula 


Z'|M =[(p+q)2+(p-q)m] | [(p-q)z+(p+q)m] 


applicable to (p/q)th roots. This provides an efficient procedure with cal- 
culating machines. With machines like the Madas 20 ATZG which have two 
separable product registers, the numerator- and denominator-expressions can 
be evaluated on the machine simultaneously, thus avoiding the writing down 
of intermediate results (but not the copying of register contents to give key- 
board settings). This procedure in effect allows about three times as many 
significant figures in M and Z’ as there are in m, and is sufficient for almost all 
ordinary requirements. The cases k>1 are of much less interest to the prac- 
tical computer, inless in very special applications. 

H. W. Richmond has discussed the application to cube roots, for the case 
k=1 (Gazette, vol. 28, 1944, pp. 20-21). In this article it is stated that an 
equivalent rule was given by Reuben Burrow in 1779. I am indebted to Pro- 
fessor Hartree for the information that the first edition (only) of Barlow’s 
Tables gave the corresponding formula for finding Z’- M for any rational 
plq. In more modern times, the agents for two different electrical calculating 
machines have recently been supplying customers with a cube-root procedure 
of this type, with a one-page linear-argument table and no suggestion that the 
procedure gives an approximation only (though a good one), and with examples 
actually carried to several demonstrably incorrect figures, as a result of dis- 
playing the full capacity of their machines! In any event, it is probably 
simpler—with machines—to calculate Z’ directly rather than Z’ — M. 

Similar procedures are discussed by R. H. Birch in Notes 1698 and 1700 
(Gazette, vol. 27, 1943, pp. 218, 219). Note 1698 in fact gives the present case 
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k=2,n=1/3. Note 1700 discusses a general procedure (different from mine) 
which gives the procedure of Note 1698 and the previous cube-root procedure 
as special cases. Birch then discusses a still higher order case of his formula, 
as applied to square root. 

In his notation this latter formula is 


a+[32a(N*- a’) | (7N4+ 84a2N? + 42a*N? + 84a°N + 39a°)]. 


His N is my z, his a? my m; he puts Nt =a+h, so to a first order my 2 is his 
(2h/a). The note states that the error of this formula is of the order of h® ; 
but it is not. It is only of the order of h?. In my notation we have 


y — (3/4096)z” as x0. 


From my formula with k= 4, n= 4 we derive a formula which in his notation 
would be 


a+ [8a(N* + 6a*N? — 6a°N — a®) | (N44 36a?N? + 126a*N? + 84a°N + 9a*)] 
and in mine 


Z'|M = 
(924 + 84z9m + 12622m? + 36zm* + m*) | (M4 + 84zm? + 12622m? + 36z3m + z4), 


This is a square-root formula with a ninth-order error-term. We have 
y — 2-72° = 2°/131072 as «x0. 


I have checked his formula against mine for the case N=z=1-1,a=m=1, 
where mine is in error by about 5 x 10-15, but his by about 5 x 10-1, in good 
agreement with the error-term estimates given above. 

My suspicions were aroused because Birch’s formula did not seem to have a 
large enough number of disposable constants for ninth-order accuracy, unless 
as a result of fortunate coincidences which would have been interesting had 
they in fact applied. 

Possibly the explanation may lie in the small size of the coefficient 3/4096, 
if he assumed this to be comparable to unity and then estimated the order 
from the result of the single computation of 104 = 3-162 from a=3-16, which 
he mentions. Had he repeated this work with a= 3-158, say, he could scarcely 
have failed to see that the error was multiplied more nearly by 27 than by 2°. 
This applies, for instance, when I take N =z= 1-2, in place of 1-1, as above. 
Alternatively, I suppose, there may have been a mistake in the manuscript 
or in the printing. 

Tuos. H. O’BEIRNE. 


2566. Tests of divisibility 

Mr. J. Kashangaki, a student at Makerere College, the University College of 
East Africa, has discovered some tests of divisibility which, although probably 
not new, do not seem to be widely known. They are simpler, though perhaps 
longer, than those given by Mr. C. D. Langford and Prof. J. B. S. Haldane 
(Gazette, XX XI, p. 239). 

The number, N, to be tested, is expressed in the form l0a+b (e.g. if 
N= 2374, then a= 237, b= 4). 

Then N is divisible by 7 if a— 26 is divisible by 7 or is zero. 


N ey » ls ifa+4b ws « a0 
N 7 » 17 if a—5b & », 17 or is zero 
N Pa » 19 if a+2b és » 19 











306 THE MATHEMATICAL GAZETTE 


For example, to test 3086379 for divisibility by19 we proceed by (mentally) 
striking off the last digit, doubling it, and adding that to the number which 
remains, giving us in succession 


308655 ( = 308637 + 2 x 9) 
30875 

3097 

323 

38. 


Since 38 is divisible by 19, so is 3086379. 

Mr. Kashangaki has also pointed out some generalisations. If the divisor, 
M, is a number of the form 10p + 1, then N is divisible by M if a — pb is divis- 
ible by M. Similarly, if M is of the forms 10p + 3, 10p + 7, 10p + 9, respectively, 
then N is divisible by M if a+ (3p + 1)b, a-— (3p +2)b, a+ (p+ 1)b respectively 
are divisible by M. e.g. N is divisible by 53 if a+ 166 is divisible by 53. 
(16=3x5+1). 

The proofs of all these results are based on simple congruences. For 
instance, to prove the last statement : 


N=10a+b 
16N = 160a + 16b=a+ 16b (mod 53) (Since 3 x 53= 159). 
F. M. Arscort, 


2567. To arrive at the nth term and the sum of n terms of a series whose pth 
row of differences is a geometrical progression. 


Let r=the common factor of the G.P. 
b=r-1. 
p=number of rows of differences. 
a= A?/b?. 
Then 
m=p—1 
U,=a.™™-14 0 FY (A™u,- a. b™)(n- 1),,)- 
m=0 
m=p—1 
and Zu,=(a/b)(r"-1)+ FF (Ay, -—@.6™)N (41). 


R. V. PARKER. 


2568. A note on infinite series. 


In all the books I have seen, the fact that the condition a, — 0 is not sufficient 
to ensure the convergence of a, is shown by the use of the example 2(1/n). 
Another simple example is the following : 


n 
8, = Za;=log (n+ 1), 
1 
while Qn =8y — 8n-1= log (n+ 1)-logn 
=log (1+ 1/n)—0. 
Of course the two examples are related in that 


N 
2(1/n) ~log N. 


P. H. Copy. 
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2569. A new type of magic square. 


The problem is to arrange the n(2n — 1) symbols rs (which is the same as sr) 
formed from all pairs of 2n different digits in a square of 2n—1 rows and 
columns, such that in each row and column there appear n symbols (and 
n- 1 blanks) which among them contain all 2n digits. 

The problem is easily seen to be soluble forn=1, but not forn=2. Forn=3, 
comparison with the notation for the 15, figure formed from five associated 
lines shows that the problem is also not soluble. (The notation is that ex- 
plained for example in Baker, Principles of Geometry, vol. I, Cambridge, 
1922, Note II, pp. 219 et seg, particularly pp. 221, 225). 

The following table, which is a by-product of another investigation, gives a 
solution for n= 4, 





001 12 . 34 ° 56 . 78 
010 ’ 37 25 ° : 48 16 
011 47 15 , ° 38 26 ‘ 
100 “ i ‘ 68 14 57 23 
101 58 ‘ 67 24 ‘ 13 . 
110 ‘ 46 18 35 7 ° ° 
111 36 28 , 17 . ° 45 
001 010 O11 100 101 #«=#110~= «111 





In this table the lattice points in the square have been given coordinates 
expressed in the binary scale, and the arrangement has these properties : 

(«By, Auv) are the coordinates of one of the points marked rs if and only 
if «A+ But yv is odd. 

If rs, r’s’ are two marked points, then «A’ + Bu’ + yo’ + «A+ Bu + y’v iseven if 
r, 8, r’, 8’ are all different, and odd if two of the digits are equal. If r=r’, 
then ss’ is the point with coordinates («+ «’ B+ B’ y+y’,A+N wtp’ vt’). 


T. G. Room. 


2570. A deformation puzzle. 


A ring is made up of four squares hinged along opposite sides so as to form 
four faces of a cube with open ends, and each square is also hinged along both 
its diagonals, so that there are in all sixteen triangles hinged together to form 
the four squares. This ring is of course considerably deformable ; the puzzle 
is to deform it so as to turn it completely inside out. For the purposes of 
discussion, the ring has the usual mathematical properties of being of zero 
thickness and having perfect hinges : in actual construction the hinges must 
be sufficiently free that a double thickness can be folded double again in either 
direction ; thus if the ring is folded into a flat rectangle of double thickness, it 
should be possible to fold this double along any of its hinges. 

We know of three significantly different ways of solving this puzzle, ignoring 
trivial variants ; apart from the impossibility of describing them in words, 
there are adequate reasons for leaving their finding as “‘ an exercise for the 
teader ’? which he will not find too easy. 

I do not know to whom to ascribe this puzzle ; it was said to me to be well 
known but I think it deserving of being more so. 

JOHN LEECH. 


2571. On Note 2385. 
The right-hand side of Mr. F. M. Goldner’s identity 
S— ASS, = w(S, + Sy - S12)? 
is obviously wrong since it is not homogeneous. 
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If S-—AS,S,=0 represents the chord P,P, taken twice, then the polarised 
form with respect to P, vanishes identically. Hence, since S,,=0, 


S,-4AS,S,,.=0, 
and A= 2/S,,, a8 required. C. Hatt, 


2572. On a differential equation. 
If, for the equation 





dy ra bese +¢ 


-»(Si3+ :). (ap+ob), 


dx 
we put 

u=axr+by+c, v=ar+ Byt+y, 
then 

du _a+b(dy/dx) a+bF(u/v) 


dv a+ B(dyldxz) «+BF(u/v)’ 


and we have thus reduced the equation to homogeneous form without solving 
simultaneous equations. 
J.C. W. DE ta Bere. 


2573. Some elementary identities. 

1. In this note we shall first obtain an identity expressing an infinite series 
of Beta-functions in finite terms ; we then show that this sum also arises as 
the sum of an (at first sight apparently unrelated) series involving binomial 
coefficients. This connexion between the series is established by evaluating a 
certain integral in two different ways. 

2. As is usual, for any complex «, B with positive real parts, we define the 
Beta-function 


1 
B(x p)=J 2°11 — 2) "de, Te oe (1) 


where, for non-integral «, 8, the principal branch of the logarithmic function 
is to be used in interpreting x*-1, (1 - x)®-!; we of course have the (equivalent) 
alternative definition 


Ela, /B)= PT Cay PCB) ) Fe Bye cc cadsnccscctssccssdenes ser (2) 


LEMMA 1. Let «, B, be given complex numbers with positive real parts, and 
let p, q, be given non-negative integers. Then, for p<q, 


‘ 


5 B(s+a, 1+ B)=B(p+a, B)-B(q+1+-4, B). 


&=p 


Proof. It is well known (and can be easily verified from either definition) 
that, for arbitrary A, 1 with positive real parts, 


B(A, p)=B(1+A, ») + BA, 1+ p). 
In particular, 


B(s+a,1+8)=B(s+a,B)-B(s+1l+«,fp)  (8=0,1,...), 
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whence 
2 B(s+a, 1+ p)=2 (B( 8+a, B)-B(s+1+.«, B)} 


&=p 
steve B)- B(q+1+.«, B), 
as stated. 
LEMMA 2. Let «, B, be given complex numbers with positive real parts. Then 


EB(s+«, 1+ B)=B(a, B), 
s=0 


the convergence being absolute. 

Proof. On taking p=0 in Lemma 1, it is clearly sufficient, for convergence, 
to prove that B(q+1+ a, B)—0 as go; and, again, this is easily deduced 
from either of the definitions (1), (2). That the convergence is absolute follows 
by comparison with the (real and positive) series having «, 8, replaced by their 
teal parts. 


THEOREM 1. Let «. B, be given complex numbers with positive real parts. 
ce) k-1 
Then EB((r+a)/k,1+fp)= F B((t+«)/k,B) (k=1, 2, ...), 
r=0 t=0 


the convergence being absolute. 
Proof. We oie by Lemma 2, 


@ 
os = B(s+ (t+) / k, 1+ p)= 2 B((t+e) | k, B), 
t=0 s=0 
with absolute convergence ; the repeated sum on the left may now be re- 
arranged to give the stated result. 
It will be observed that each stage of the above proof can be based directly 
ox either of (1), (2). Theorem 1 can, alternatively, be reached more shortly 


by unbeaten: z z |e -1+(t+a)/k(| — )8-1 dz in two different ways (cf. §4 below). 


However, we Bs then appeal to the equivalence of (1) and (2) to deduce the 
corresponding result for the Gamma-function ; and (2) is naturally the more 
satisfactory form, since it gives B(«, 8) a meaning for any complex «, B with 
I'(«), '(B) both finite. 

3. We shall now digress to mention some trivial (and familiar) consequences 
of the above remarks. 

If, in B(A, »), A is integral, then of course 





Bebe (A-1)! a tallied Bre A-l+p al 
p(l+p)...(A-—l+p) A w\ A-1 
Thus, for integral a, say «=m (m=1, 2, ...), Lemma 1 becomes 
q (s+m-— 1)! 7 (p+m- 1)! (q+m)! 





nfl +B) .-(8+M+Bf) B... (p+m—- 1+B) B we (Q+m+ B)’ 
or, in binomial notation, 


» » | bined, < Opi hing Be -1 /q+m+p\- 


T+B >, =p\s+tm-1 p+m-1 qtm 
Similarly, for integral B, say B=n(n=1, 2, ...), we find 
q 1 1 1 








"et ad.mieta Oran l+p+a) (qtit+a)...(n+q+a)” 
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n 5 phe =(" os eda 
or 
n+ ntl,» n+l y 

The corresponding specializations of Lemma 2 can of course be deduced 
directly from these identities by taking p = 0 and letting go. 

In Theorem 1 (of which Lemma 2 is simply the case k= 1, and is known) 
nothing of extra interest comes from taking « integral (since, for k>2, 
some of the arguments (r+a)/k, (t+) /k of the Beta-functions involved 
must inevitably be non-integral, however « is chosen). Nevertheless, if we 
specialize 8B, the result reduces to 


THEOREM 2. 
kn wo l k-1 l 
2 (r+a)(ktrta).(nktrta)~ 2 ltt a)(e+t+a)...((n— 1)k+t+ a) 
(k,n=1, 2,...3; Rea>0). 


We omit the parallel binomial formulation. The condition Re «>0 is in 
fact clearly irrelevant in all our results ; any « not a negative integer or zero 
would do. However, the other condition Re B >0 is essential (for convergence) 
in Lemma 2 and Theorem 1. 








4. Consider (at first only formally) the class of integrals 
os (1- ya 
felon B) = | ay, 


where a, f, x, are arbitrary complex numbers (and y*-!, (1 — y*)* are understood 
as abbreviations for exp{(«-— 1) log y}, exp{f log [1 — exp(x log y)]}} respec- 
tively, log z being taken real for real z>0). It is obvious that 

S-.(es B) = eBatf (a aig «B, B) 
whenever the left-hand side exists, so we may suppose without loss of generality 
that Re «>0. We shall also exclude the trivial case «= 0. 

Then clearly Re «>0 is necessary and sufficient for the convergence of the 
integral at its singularity y=0, while at the remaining singularity y=1 the 
corresponding condition is Re 8>0. Thus we can, essentially, take into 
account all cases by considering from now on only a, f, « satisfying 


Rea>0, ReB>0, Rex«>0, «+0; 
and these conditions ensure that the integral converges absolutely. 
THEOREM 3. 


falas B)=7 2 BGS, ) (Re «>0, Re B>0; k=1, 2, ...). 
Proof. We Ben 


1 l-y* ne 3. ‘ 
Ful BY=\q ya (1 - ye dy= | 2 ytd -y \Pdy. 


. . 1 . 
Since each of the integrals a y'+*-1(] — y*)8 dy certainly converges we may 
transpose the operations of integration and (finite) summation; also, with the 
change of variable y=-2'/*, 
1 
fiver ai yPdy = [aren ie (1 — x)B-1f-ly-1+1/k da = k-1B( (t+ a)/k, B)s 


so the result follows. 
This may be compared with Theorem 1 above. We note also in passing 
the following formally similar relations : 
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THEOREM 4. 


(i) f(a, B) - fultn-+ ay B)= "2 B(S, 1+8) (k, m=1, 2, ...). 


(ii) f(a, B)-f(a, m+ B)= oe (n=1, 2, ...). 


The proofs are like that of Theorem 3. 
5. We next obtain a quite different representation for f,(«, 8B). To avoid 
tedious convergence considerations, we shall suppose that £ is a positive in- 
teger, say B=n; the argument can be extended without difficulty to the more 
general case Re B >0. 
n(n 

We have (l-y*)"= Zz ( \ — 1)"y™ 

r=0 ‘7 


for all y; in particular, on taking y= 1, 


0= - z(? \ -1). 
Subtracting, we deduce 
(1- y*)"= S (“)« - 1)"+1(1-y"), 
r=1\T 





1 n on dy 
7 si a—1 — 1)f+1/(] — of 
whence S,.(«, ”) [iy 2(° (-1)"*(1-y iT = 
‘lso (but only by virtue of the extra terms we have artificially introduced) 
1 

rach of the integrals), y*-*(1 —y'*)(1-y)-1 dy converges, so we may reverse 
fhe order of integration and summation to give 

Liam= 2t- yrn(?) [ieta-9" ees (3) 

"es 2 r) \o "ea aaaaaabemeiaaiaoaae 
We can, similarly, establish the rather simpler formula 
a a T+1 — ajTK+a—1 
Shamim & 1) (Py [oa y ery 


but this is not quite so appropriate to our present purpose. For, if « is integral, 
ty «=k, then (whether or not « is integral) we have 


1 dy 
-1 — gtk 
fw" (l-y")— 
rhence, substituting in as we find 


‘sing Theorem 3 to express f;,(«, “ in rational terms, we arrive at our main 








i. yea} ‘a “7s 1 eT 
= P= = T, = Ay By ooo > 
y Jo! ss y wate ( ) 


sult : 
n n\ (1 1 1 
ruoreM 5. 3(-wr(*)(14 4... ++) 
mnie BA, 1) ¥ bee + rk-1+a 
oy 1 
=(n-1)! k™-1 





‘a * (t+ a)(k+t+a).. -((n-l)k+t+e 
(k,n=1, 2,...; Rea>0O). 
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6. We conclude with some remarks connecting this with previously known 
facts. If we take a=1 in Theorem 5, we find, for arbitrary positive integers 
k,n, 


1 1 
z(-(") (1454...45) 
r=1 ; yoa*Z! 1 
=(n— It ke 2 gypsies l)..(n— keto) 
k-1 1 
py P 
e=1 8(K+8)...((n — 1)k+8) 








1 
=— - ! hn-1 
nkt l)!k 


The case k= 1 of this is just the known result 


n n 1 _) 1 
— 7)rt+i1 = kc, enna 
as 1) (F)asg+...+2 a 


whilo, taking k= 2, we get (for n= 2, 3, ...) 


n n 1 3) 1 2.4...(2n - 2) 
— ])"+1 ae Pet, : a 
ee 4 (B)Q+ 54-43, 2n* 1.3...(2n—1) 


This last formula was set as a challenge problem by W. J. Ljunggren 
(Norsk Mat. Tiddskr., 29 (1947), p. 122). A solution was given by J. E. 
Fjeldstad (in the same journal, 30 (1948), pp. 95-96), who (going back to the 
original integral definition) observed that 


fall my=["a yey)" dy, 


and was able to deduce Ljunggren’s formula from this by a neat argument 
using the change of variable y=1-2z. However, it does not seem possible, 
for general k, to arrive at Theorem 5 (even for «= 1) by Fjeldstad’s approach. 
Our proof is a constructive one, each step being more or less dictated by its 
predecessor, and leading inevitably to the stated identity ; but it is worth 
noting also that, once the identity is known, it can be verified very simply by 
resolving each summand on the right into n partial fractions, and comparing 
coefficients of (p + «)-? on either side for p=0, 1, ..., rn — 1. 

M. P. Drazin, 


2574. The quotient of two quadratics. 
1. The curve 


—¥: (x — x,)*+ ky, (x — 2)* 
(x —2,)*+ k(x —2,)* 





y 


has turning points at (2, y,), (2 Y2)- 
If k>0, the curve has three real points of inflexion. The condition that the 
co-ordinates of these points are rational is that 
__ 27m*(m? — n*)? 
— n? (9m? — n*)? ’ 
where m and n are integers. 

If k<0, the curve has two asymptotes parallel to the y-axis and one real 
point of infiexion. The condition that the denominator has rational factors 
and that the co-ordinates of the point of inflexion are rational is 
—m*(m* + 3n*)? 

n*(3m? +n)? ” 


k= 


where m and n are integers. 
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2. The family of curves of the form 
y = (az? + b,x +0,) | (au? + box + Cg) 
with turning points at the fixed points A (x,, y,), B(x2, y2) is 
atlt- s+ -aF 
(e-2,)?+k(w@-2,)? ~ 
The family of curves has the following properties : 


(i) the locus of intersection of the horizontal asymptote with the curve is a 
straight line through the midpoint of AB ; 


(ii) the points of inflexion lie on a fixed line through the midpoint of AB ; 
(ili) the tangents at the points of inflexion touch a fixed hyperbola ; 


(iv) if k<0 the curves have two real vertical asymptotes, the product of 
whose distances from the midpoint of AB is constant ; 


(v) if k>0, the curves have three real points of inflexion and the product of 
the gradients of the tangents at the three points of inflexion is constant. 


C. V. GREGG. 


2575. The length of a perpendicular. 


If P is (x,, y,), and Q (x2, y,) is the foot of the perpendicular from P to 
w+by+c=0, then since PQ is perpendicular to ax+by+c=0, 


Cais = Oa) |) Chg — Mg HOR... sccctncscncccwnvpaeseccccscsuanes (1) 
Q lies on ax + by +c=0, so that 
ax,+by,+c=0. 
Now let ax,+ by,+c=k, 
% that CQ, = i) Oi Me evcsisevecaccapeesceeevesdesen (2) 
Solving (1) and (2) for (x, —,) and (y, — y,) we have 
®,—-2,=ka | (a*+6?), y,-—y2=kb | (a? + b?). 


But PQ? = (x, — 2)? + (Yi — Yo)* 
= (a* + b*) {k/(a* + b4)}? 
and hence PQ= +(ax,+ by, +c) | /(a?+ 6?). 


This method has the advantage of avoiding tedious queries which some- 
times follow the use of a figure. The binomials (x, — x,) and (y, — y2) are treated 
as the unknowns ; the method of solving (1) and (2) will depend upon the skill 
and experience of the pupil. 


J.B. M. 


2576. A geometrical condition for a ternary quadratic form to be positive 
definite. 


A ternary quadratic form cannot be positive definite unless it can be 
expressed by a change of variables as 
x? + y? + 22+ Qyz cos a+ 22% COS B+ ZY COS y ...eeeceeeeeeeeees (1) 
where O<a<B<y<z. 
A necessary and sufficient condition for this form to be positive definite is 
sin $(«+ 8+ y) sin }(-—a+ 8+ y) sin $(«- B+ y) sin $(a#+ B—A)>0...(2) 
Y 
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This last condition is equivalent to saying that when B+ y< 7, the numbers 
a, B, y are the lengths of the sides of some triangle, and when B+ y>7z the 
same holds for the numbers a, 7- 8, 7— y. When (2) is satisfied (1) can be 
regarded as the square of the sum of three vectors of magnitudes 2, y, z in 
directions OA, OB and OC, such that 4 BOC=a, ~.COA=8 and LAOB=y. 
These results can be extended to any number of dimensions. 

J. W. Heap, 


2577. The dual of a well-known theorem. 

The following is well-known : 

‘** Let n given points in a plane have the property that the line joining any 
two passes through a third. Then the n points are collinear.” For proof, see 
H. S. M. Coxeter, The real projective plane. 

The dual of the theorem stated appears easier to prove : 

‘* Let n given coplanar lines have the property that through the point of 
intersection of any two there passes a third. Then the n lines are concurrent.’ 

Proof. Suppose the theorem fals2. Parallelism may be removed by pro- 
jection. Consider one line p of the set. Not all intersections lie on p. There 
is a nearest intersection Q which is not on p. Through Q there pass at least 
three lines a, b, c, meeting p in A, B, C, say. Suppose B lies between A and C. 
There is another line d passing through B and hence entering the triangle 
ACQ. Hence d must cut the interval AQ or the interval CQ, contrary to the 
definition of Q. 

D. W. Lane. 


2578. Circular orbits. 

That a particle describing a circle with uniform velocity v has a constant 
acceleration v?/a towards the centre, where a is the radius, is well known. 
That a particle can describe a circle under any constant force f (per unit mass) 
tending to the centre, provided that it is projected at right angles to the radius 
with velocity ./(af), is not obvious. 


In the equation 
F = -— 4mh? bd (5) 
dr \p? 
let F=f, h*=a*f, m=1. 


4(1)_-3 
—_ dr fe ale” h 


so a 
p? a? a’ 


since p=r=a initially. 


But p=rsin ¢<r. 

1 3 & 
Hence 3 << oa 
or 2r3 — 3ar?+a* <0, 
that is, (r — a)?(2r+a) <0, 


and hence r=a always. 


L. N. CHown. 


2579. Trigonometrical factors and identities. 
By too ready use, in school and college work, of sub-multiple angles, 
students, and teachers, often miss interesting factors and relations. 
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On the analogy of 1+cos 2A=2cos?A and 1+sin 2A=(cos A+sin A)’, 
one tends, in practice, to write 


1+cos 3A =2 cos?2A and 1+sin 3A =(cos 34 +sin $A)? 
but if the right hand members of 

1+cos 3A4=1-3 cos A+4cos'A 

and 1+sin 3A=1+3sin A-4sin*A 


be tested for factors by use of the remainder theorem and equation of coeffi- 
cients, we have 


1+cos 3A =(1+ cos A)(4 cos?A — 4 cos A + 1) 
=(1+ cos A)(2 cos A - 1)? 


and 1+sin 3A =(1-sin A)(1+2 sin A)?. 
Similarly, 1-cos 34 =(1- cos A)(2 cos A + 1)? 
and 1-sin 3A =(1+sin A)(1-2 sin A)?. 


Again, consider the identity 


sin 2A +sin A +cos 2A +cos A " 
sin 2A —sin A+cos A —cos 2A _ 





cot 4A: 


(a) the usual grouping of the terms of the left-hand member gives the 
factor (cos 3A + sin 34), common to numerator and denominator. Whether 
or not this is further factorisable need not be considered by the person estab- 
lishing the identity. The type cos 34 +sin 3A will however be dealt with 
later ; 

(b) a different grouping gives a common factor (1+2sin A), and a result, 
not involving sub-multiple angles, namely, 


cos A-sinA+1 
cos A+sin A-1° 





Hence, for the teacher at least, another interesting identity : 
cos A -sinA+1 
cos A+sin A -1 
How readily one writes 





=cot 4A. 


cos 3A +sin 3A =sin ($7 - 3A) +sin 3A 
‘0 obtain a familiar formula shape. But 
cos 3A +sin 3A = 4 cos*A —- 3 cos A +3 sin A - 4sin*A, 
vhich, by obvious grouping, yields 
(cos A — sin A)(1+2 sin 2A), 
» that cos $#4+sin2A has factors (cos 4A -sin}A) and (1+2sin A). 
‘imilarly, cos 3A — sin 3A = (cos A +sin A)(1-2 sin 2A). 
Consider now the expression sin 3A + cos A. 
sin 3A +cos A=sin A(1+2 cos 2A)+cos A 
= (sin A + cos A) + 2 sin A (cos?A — sin?A) 
=(sin A + cos A)(sin 2A + cos 2A). 
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Similarly 
sin 3A — cos A =(cos A — sin A)(sin 2A — cos 24), 
cos 3A +sin A =(cos A —- sin A)(cos 2A +sin 2A), 
cos 3A —sin A=(cos A +sin A)(cos 2A —sin 2A). 
(i) From these four identities, by division and cross-multiplication, the 
teacher may obtain identities of the type 
(sin 3A + cos A)(cos 2A — sin 2A) =(cos 3A — sin A)(cos 2A + sin 2A) 
which, in class work, are most useful in giving facility in conversions from 
products to addition or subtraction forms. 
(ii) It will further be noted that 


y + sin / 
eo ere ee 
sin2A4+cosA cos A(1+2sin A) 
cos 2A+sin A (1+2sin A)(1-sin A) 

_ cosA _1+sinA 
~1l-sinA cosA 
=sec A+tan A. 


N sin 44 +cos A _ cos A(1+2sin A)(1+2sin A-4sin*A) _ 
cos 44+sin A (1+sin A)(1—2sin A)(1+2sin A — 4sin?A) 
_ cos A(1+2sin A) 
~ (1+sin A)(1—-2 sin A) 
_1+sin3A_(1-sin A)(1+2sin A)® 
— steaatideneanlie cos3A ~—s cos A(1 — 4 sin?A) 
_l-sinA 1+2sinA 
~ eosA 1-2sinA 
_ cos A(1+2sin A) 
~ (1+sin A)(1-2sin A)’ 
sin 4A +cos A 
eos ic-_a 3A + tan 3A. 
This suggests a generalisation : 
/ sin (n+ p)A+cos nA 
cos (n+ p)A +sin nA 


Also, 























Hence 








=sec pA +tan pA. 


Teachers may find it entertaining to prove this, for integral values of n and 7, 
without the use of sub-multiple angles. The writer’s method was by mathe- 
matical induction. 

WALTER F. GRIEVE. 


2580. An approximate solution of second order linear differential equations.4 


Any linear second order differential equation may be written in the form 
ie RN SEE so o.. 5ecsincvawsuantenumdereraseeeeeeen (1 


where dashes denote differentiation with respect to t, and b and c are functio 
of t. Assume an oscillatory solution of the form 


x=asin ¢; 
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here a=a(t) is called the amplitude and ¢= ¢(t) the phase of x. Let p= -a’/a 
be termed the damping factor, and w=4¢’ the frequency of the solution 2. 
Then the required form of the solution is 


Z=exp( — fudt) . Sim (fart). ......ccccccoccccccceccececees (2) 


If » and w are constant then (2) is the conventional solution of (1) when c and 
b are constant. 

The substitution of (2) in (1) gives the following non-linear equations for 
pand w ; 

P= Oe — Baie — fh" S sicesercccseasenwotseseccegescces (3) 


SO BGG i ness ccccorinssocseetseesesgeseesssveccened (4) 


We define the quasi-linear solution of (1) as the approximate solution 
obtained by assuming that 6 and ¢ are constant. It has the familiar form 


x=A exp(—p,t) . sin (wt+y), 
with w,?=b-—c*, and »,=c. We notice from (4) in particular that the true 
solution compared with the quasi-linear solution has increased damping if the 


true frequency is increasing and reduced damping if the true frequency is 
decreasing. 


In some cases a useful approximation to the solution of (3) and (4) may be 
obtained by the iterative scheme 


Wo = 0, Wy ey =b+ Pa 2cun = ~, 


ayy P TERS SE Ettsateeteateeeeeees (5) 
Ho= 9, Pn =C+4(@7”)'lwn = 
Then w,*=), w,?=b—-c?-—c’, etc., 
and ju=e, p2=c+4b'/b, ete. 


Provided the iterative process (5) converges then a unique definition of 
d@smping factor and frequency for the solution of (1) is 


w= lim On b= lim En: 
n—-D nD 

If a negative value of w? is obtained from (5), then the solution corresponds 
to the ‘‘ over-damped ”’ linear case, and is 
x=exp { — J(u —u) dt}+exp { - f(u+u)dt}, 
where u?= — w?. 

It is often important to know whether the successive maxima (if any) of x 
are increasing or decreasing in a given range of t. From (2) we have the result 


that maxima of x are increasing if .< 0 and decreasing if » >0. 
An alternative approach, leading to an exact result, is to consider 


I cicciricaniiseeictniiansatonmamaaiell (6) 


Then by differentiating (6) and with the use of (1) we have 


FP ee AI, ccstioccsinscinsisscicccore eee (7) 


Maxima of x occur when x’=0. Hence from (6), successive maxima increase 

with f(z) and hence, from (7), successive maxima of x increase if 4cb + b’< 0 

and decrease if 4cb+b’>0, in the range considered. This is equivalent to 

Polya’s extension of Sonine’s theorem (Szegé, Orthogonal polynomials, p. 161). 
If b>0 an identical result is obtained by considering 


= a= (4cb + b’)/40. 
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This suggests that the essential features of the behaviour of » are characterised 
by p2, and that where c and b are varying slowly a very good approximation 
to the solution of (1) will be given by (2) with p= yp, and w= wz. 

As an example, the homogeneous equation 


x’ + 2yt—1x’ + Bt-2x=0 
gives w2?=(B—- y?+ y)/t?, ws?=(B- y?+ y—-})/F=w,’, ete., 
and Ho=(y-4d)/t, ps=(y-d)/t=pw ete. 

Thus (5) gives w and yp correctly in this example ; the motion represented 
is stable if y>} and B>y?-— y+}. This is consistent with the exact solution, 
which is 

w= Ath-Y) sin {4/(B — y? + y— 4) log (¢/T)}, 
where 7 and A are arbitrary constants. 
P. E. W. GRENSTED. 


2581. The area of a hyperbolic sector. 


The analogy between the circular and hyperbolic functions is most clearly 
seen in the fact that the parameter for the rectangular hyperbola 


x=cosht, y=sinht 


is equal to twice the area of the sector from (1, 0) to (cosh #, sinh ?). It is 
therefore desirable to have a really simple proof for this well known fact. 
Using Cartesian and polar co-ordinates simultaneously, we have 


x=cosht, y=sinht?, 
tan 6=y/x=tanh ft, 
sec?@ d= sech? t dt, 
so that r? d@ = (x sec 0)? d@= 2x? sech?t dt 
= dt. 
H. 8S. M. C. 


2582. Particular integrals of linear differential equations. 


The following device enables the particular integrals of linear differential 
equations with constant coefficients to be found in cases when the direct 
method breaks down. It is limited to equations of the forms 


f(D)jy=e", f(D*)y=sin pz, cos px, sinh px, cosh px, 


but gives the particular integral when f(a), f(-p?) and f(p*) respectively 
vanish, without appeal to the shift theorem or the imaginary exponential 
function. 


Consider WOE 60 acs oetestdaxecdewiaiensayeeesexceeena (1) 
Using the operator method a particular integral is given by 
f(é)y =e, provided f(£) #0, 


and if the usual conditions are satisfied, we have, on differentiating each side 
partially with respect to &, 
f 


0 a) 
f(€) - +y oo 
and this reduces, if f(a)=0 and f’(a)#0, to 
PSM T(E), sisiescscvecoecses dacesecenadeusesen (2) 
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where dashes denote differentiation with respect to ¢. Since e§*/f(£) is a solu- 
tion of (1), ze*”/f’(a) may be a solution of f(D)y=e* when f(a)=0. Further- 
more, by repeated application of the above process, 


SEO OMAN a once ciscwuslswcaamaweaceeentexseuied (3) 
may be a particular integral of the equation 
MII oo -iire chaise eeaaeeaaael (4) 


when f(D)=¢(D). (D-a)". In this case f)(a) will be the first non-vanishing 
derivative of f(é) at =a. 

The approach has been tentative and whether the result (2) is, in fact, a 
solution of the equation f(D)y =e” when f(a) = 0 must be verified by substitu- 
tion in the differential equation. We can, however, show that (3) is a solution 
of the equation (4) and so verify the solution in all cases. 

Consider (1) with f(D) =(D- a)". ¢(D) and let Dand 3 denote differentiation 


with respect to x and é respectively. Then on substituting x"e§/f™(£) for y 
in the differential equation (1), we have 


Nofx 
f(D)y=f (DP) ae 
_3"f(D) . 
~ -9Mf(E) 
aS (fe 
3"f(€) 


Now by Leibnitz’ theorem, the numerator in this expression is 


anf (gyet= +(") anreter f(g) +... + €F@9f(é) 


which reduces, when =a, and f(a)=f’(a)=...=f%-))(a)=0, to ef a), 
while the denominator is f™)(a), so that 
f(D)y=e™, 


which verifies the assertion that (3) is a solution of (4) for the given form of 
f(D). 

The method applies equally to all equations of the types mentioned in the 
introduction and the verification is carried out in an analogous manner. The 
following examples will illustrate the method in practice. 





Example 1. (D? + 9)y=sin 32. 
Consider (D? + 9)y=sin &x. 
Then the P.I. is wi aa when £#3, 
and so is > when £=3 
— 2 

that is, the P.I. of the given equation is — 42 cos 3x. 
Example 2. (D — 1)(D?*+ 9)y=sin 32. 
By the usual method we can show that the P.I. is 

1 1 e 

oo -—» D9 cos 3x + sin 3x) 


and now each term can be dealt with as in Ex. 1. 
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Example 3. It is interesting to note that the method gives a solution when 
the equation is of the form 
D"¢(D)y=c, (ca constant). 
Consider D"4(D)y =ce®. 
The particular integral is ce6*/é"¢(£) when #0, and so, when £=0, it is 
canes? 
n! $(é) + €(..-) 


that is, the P.I. of the given equation is cxz"/n!4(0). 


at €=0, 


A. BUCKLEY. 


2583. A magic square of order 9. 
The magic square below, of order 9, can be summed to 369 in 288 different 
ways. 


19 14 60 76 71 36 52 38 3 


40 75 8 16 51 56 64 27 32 
72 34 47 39 1 23 15 58 80 
12 + 77 69 61 53 45 28 20 
33 65 25 9 41 73 57 17 49 
62 54 37 29 21 13 5 78 70 

2 24 67 59 81 43 35 48 10 
50 55 18 26 31 66 74 7 42 
79 44 30 46 11 6 22 68 63 

The ways are: 
9 rows ; 


9 columns ; 
18 diagonals and broken diagonals ; 
81 squares, 3 by 3 (including those that overlap the edges on to supposed 
continuations of an infinite repeating lattice) ; 
81 squares, 3 by 3, with single square spacing, such as 


19 60 71 
72 47 1 
33 65 41; 


(including overlapping squares, as in the previous case) ; 


9 squares, 3 by 3, with double spacing (not 81, since overlapping squares are 
identical in triplets) ; 

81 squares, 3 by 3, with triple square spacing, of which a typical example, 

though the only one which can be extracted from the main square itself 
without continuation, is 


19 71 3 
33 41 49 
79 11 63. 


C. D. LANGFORD. 


2584. Summations by calculation of probabilities. 
Two useful sxamples of this process are given. The first is 
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if 0< p< 1, q=1-p, a result required to obtain the factorial moment generat- 
ing function of the hypergeometric distribution. Aitken in his Statistical 
mathematics (1945, p. 57) states that the result is obtainable “‘ with some 
trouble if only elementary methods are used ”’. 

Suppose that, from N things, of which Np are marked with a dot, n are 
chosen at random, and of these chosen, x +r bear dots. After replacing these 
a second random selection of x things is made from the N. We find in two ways 
the probability of the event, F’, that the second selection consists entirely of 
those dotted things that were in the first. If E, is the event that x+r things 
in the first sample bear dots, then 


Pr{Z,}= feo). ee z- all Med 


so that Pr{F}=2 iv. ") Pr (E,)/ (*) 


Ford n-o-dh 5 Wada 


If each of the n things in the first selection is marked with a tick before 
replacement, whether they bear dots or not, then F' occurs when each of the 
second selection bears a dot and a tick. The probability that each of the 
second selection bears a dot and the probability that each bears a tick are 


(2G) Q/G)- 


Since the selections are independent, 


per)=("?) (2)/(2) - 


Oi equating the two expressions for the Pr {F}, the result follows. 
The probability generating function of y, the number of dotted things in n 
trials from the N, without replacements, is 


riley Sane ag i) 


On replacing A by 1+s, ve factorial moment generating function is 


ECP Maar] G22 CF) nen) 2 )e/G): 


where y has been replaced by «+7, and, by the result just obtained, this is 


2) (2) ¢/(2)- 
gs \t/\ @ x 
In the second example n(=a+b6+c+d) things are distributed in four cells 


such that the total number in the top row and left column are respectively the 
fixed numbers a+b, a+c. If7r, 8, t, u 











(yp | (2) | a+ b 
(3) | Ou c+d 
a+c ‘ | b+d n 





are the variable numbers in the cells under these conditions we prove that 
2 1/rt a! t! wu! =nt/(a + 6)! (c +d)! (a+c)!(b+d)! 
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Fisher gives the result in his Statistical methods for research workers (1944, 
p- 97). 

Suppose that the probability of things falling in cell (1), (2), (3), (4) respec- 
tively is pp’, pq’, gp’, qq’, where p + q=p’ + q’ = 1, and none of the probabilities 
is zero or unity. The choice of values ensures that the probability of a thing 
falling in a given row is independent of its falling in a given column and that 
it must fall in one of the cells. The term, X, in the expansion of 


Y =(pp’ + pq’ + gp’ + 9q’)" 
which gives the probability of a distribution r, s, t, uw in the cells is 


x (eee ap’) (99 








rialt!w! 
and the sum 2X of all such terms subject to fixed marginal totals is required, 
1 mr +8pt+u *\r+t (q’\8+u 
_— sya yer Tere) 
ri att! wu! 


= pttege+d (p’)a+¢(q’)P+4 D {n! /r! st t! wt}, 
since the marginal totals r +s, etc., are constants. But 
Y=(p+q)"(p’+q')", 
so that in this expansion of Y, 2X is the single term containing 
prrrge+s (p’)4+ (q’)P+4, 
namely, the term whose coefficient is 
{n! |(a+ 6)! (e+ d)!} x {n!/(a +c)! (b+d)!}. 


The result follows on equating the two expressions for 2'X irrespective of the 
values of p, p’, etc., which have been restricted only to avoid the possibility 
of a cell never or always being occupied. 


H. W. Haskey. 








1838. The art of being where one is not, used to be associated in our minds 
with the Theory of Relativity, but an understanding of it somehow eluded us. 
Time has brought wisdom and we have forsaken Einstein for Butlin. Now we 
know that we can lose ourselves completely in the gaiety and boundless free- 
dom of Butlin’s wonderful Ocean Hotel, to become a new and happier person 
altogether.—Advertisement in theatre programme. [Per Mr. H. G. Woyda.] 


1839. The Dyke (Emmanuel Philibert of Savoy, reigned 1553-1580) was 
not...highly educated, being only a good mathematician, and a most 
accomplished linguist.—Cambridge Modern History, III, p. 411. 


1840. The Boy told him, quite simply and frankly, that he did not believe 
in Algebra. After a few seconds of stunned surprise, the Head enquired the 
reason for this disbelief. ‘* Well, sir,’ said the Boy, “‘ it seems to be based on 
hypothesis and that can’t be right. You say, let X equal so-and-so. You 
don’t know that it does. You just suppose it. And then of course you work 
it out by supposition and it must come right because you make it so. That's 
how it seems to me, and I’m sorry, but I don’t believe in it.”—W, MacQueen- 
Pope, Back Numbers (1954), p. 243. 
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REVIEWS 


Lineare Operatoren im Hilbertschen Raum. By WERNER SCHMEIDLER. 
Pp. vi, 89 DM 7-80. 1954. Teubners Mathematische Leitfaiden, 46 (Teub- 
ner, Stuttgart) 

In this small volume the author attempts the difficult task of presenting to 
the non-specialist, in fewer than 100 pages, the elements of the mathematical 
theory of linear operators in Hilbert space. His intention is to provide a 
textbook for the natural scientist and the engineer whose work calls for 
important applications of this theory but who have no specialised knowledge 
beyond a general mathematical training. His only claim to originality of 
material is a tentative one for a paragraph on completely continuous operators 
with no eigen-values, in which he obtains the necessary and sufficient condition 
in terms of the Gelfand-Lorch quasi-nilpotence, and for the forms of his proofs 
of the Fredholm theorems. 

It is doubtful whether the novice will find this account alone sufficient for 
his needs. The intense condensation has meant that definitions are some- 
times lacking except by implication and that unfamiliar techniques, such 
as the use of an infinite series of operators or of an integral with regard to a 
projector, are introduced with little explanation or justification. One is 
conscious of much that has had to be suppressed that would have provided 
interest and enlightenment to the mathematically unsophisticated. There is, 
however, a short but useful bibliography of works which can be consulted by 
the reader who wishes to fill in the outlines. 


M. E. G. 


Projektive Geometrie. By W. BuascuKe. Pp. 197. Sw. fr. 19-60. 1954. 
(Birkhaiiser, Basel) 


Analytische Geometrie. By W. BiascuHKe. Pp. 190. Sw. fr. 19-60. 1954. 
(Birkhaiiser, Basel) ; 

These two books are reissues, in a more durable binding, and on excellent 
paper. The first book has an added chapter, on ‘‘ honeycombs ”’ and groups. 
The previous edition contained a fascinating portrait of von Staudt. This has 
now been replaced by a photograph of the author. 

Both books are worthy of the serious student’s attention. The index in each 
book is rather detailed, and nearly every mathematician mentioned is ac- 
credited with initials and date of birth. In some cases the date of birth appears 
to be unknown to the author. But in only one case are both date of birth and 
initials absent. The relevant details will be gladly supplied by the reviewer 
to the author if he wishes to incorporate them in the next edition of his book on 
projective geometry. 

D. PEDOE. 


Analytic Geometry. By E. 8S. Smirn, M. SaLtkover and H. K. Justice. 
2nd edition. Pp. xiii, 306. 32s. 1954. (John Wiley, New York ; Chapman 
and Hall, London) 

This is an American book which according to the jacket ‘‘ provides accurate 
and fully illustrated explanations of the topics commonly taught in analytic 
geometry ’’. These topics include the straight line, the conics, higher plane 
curves, the plane and the conicoids. But one gathers the impression that the 
subject is only a numerical exercise, for of a thousand exercises proposed, over 
nine hundred are of the type “‘ Find the equation (or co-ordinates) of...” 
or ‘‘ Draw the graph of...” in which no variables appear except the co- 
ordinates x and y or r and @. Rigour is carried too far when, after obtaining 
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the equation of the locus of a point subject to a condition, the authors go on to 
prove the converse—that a point satisfying the equation satisfies the condition. 
The reader is left with the impression that this is an essential step in such prob. 
lems—but only when convenient, for there is, fortunately, no attempt to 
prove this converse after establishing that every point on a plane section of a 
cone satisfies the condition FP + F’P =constant. It is a pity, too, that in one 
of the few non-numerical examples selected for solution (the product of the 
focal perpendiculars to a tangent to a hyperbola is constant) the tangent at 
(x, ¥;) is chosen as the variable instead of the obvious tangent with gradient 
m, and a ponderous solution ensues. 
The book is excellently printed, the diagrams brilliantly clear, especially in 
the three-dimensional section, and the claim on the jacket is justified. 
W. J. HopGerts 


A Textbook of Vector Algebra (with applications). By SHantr Narayan, 
Pp. 190. Rs. 5/4/-.. 1954. (Chand, Delhi) 

This is an attractive, well written book of 190 pages which deals rigorously 
and systematically with three-dimensional vector algebra and its applications 
to Euclidean geometry and statics. The author promises that vector analysis 
and its applications will be dealt with in a subsequent volume. A valuable 
feature of the book is the large number of worked examples. There is also a 
large collection of exercises, which should prove useful to student and teacher 
alike. The printing is clear and, apart from some uses of the wrong fount, is 
almost free of printer’s errors. 

We mention some minor criticisms. The reviewer feels that some sections 
of Chapter IT are out of place in a chapter entitled ‘‘ Application to Projective 
and Affine Geometry ’. Two proofs are given of the identity (a xb) x c= 
(a.c)b—(b.c)a, but both of these introduce an orthonormal triad though 
neither mentions zx, y, z. Would it not have been preferable to give one proof 
avoiding this device and one proof which bluntly introduces co-ordinates? 
Some statements on p. 153 such as ‘‘ Thus two forces F’, — F form a system in 
equilibrium ” might be misinterpreted by readers and should be modified in a 
subsequent edition. 

The book contains one choice collector’s item on p. 40 which reads : 


‘““ Pappu’s theorem. Jf A,, A,, A, and B,, B,, B, are two sets of collinear 
points, then the points of intersection of the pairs of lines 
A,B,, A,B, ; A,B;, A;B,; A;B,, A,B; 
are collinear. 
Surely the two lines must be coplanar.” 


It would seem that the last sentence is a marginal note made by one of the 
author’s friends when reading the manuscript. Mr. Pappu, we think, is an 
Indian compositor. 

D. E. RUTHERFORD 


Gas Dynamics of Thin Bodies. By F. I. Franxt and E. A. Karpovicu. 
Pp. viii, 175. 38s. 1954. (Interscience Publishers) 

This is a translation from the Russian by M. D. Friedman and is a book 
which can be recommended to everyone interested in aeronautics. The 
translator says in his preface that the original book, published in 1948, im- 
pressed him by ‘“‘ the lucidity and detail of the arguments ”’ and these features 
have been eminently preserved in the translation. 

As the title suggests, the method employed is that of linearisation of the 
basic potential equation for compressible adiabatic flow and in the first 
chapter are obtained the well known solutions corresponding to a simple 
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source, a line source and a dipole. The later chapters use these solutions to 
solve successively the problems of the motion of a slender body of revolution, 
the steady motion of a wing of infinite span and of finite span, the unsteady 
motion of wings and the theory of propellors and finally conical flow. The 
general method of attack in each problem consists in the setting up of appro- 
priate distributions of sources or dipoles and the solution of an integral equa- 
tion for the variation of strength of these distributions. Transform methods 
are not mentioned. Careful attention is given in most cases to the order of 
magnitude of the error terms in the solution of the integral equation, and the 
comparison of the calculated lift, drag and moment formulae with the experi- 
mental results is given briefly for each of the above mentioned problems. 

As is usual in Russian scientific books, the great majority of the references 
are to Russian authors and little mention is made of corresponding results 
obtained elsewhere, but it is possible to overlook this in view of the com- 
pactness of the text. 

T. V. Davigs 


The Kinematics of Vorticity. By C. TruEspELL. Pp. 232. $6. 1954. 
(Indiana Univ. Press, Bloomington) 

This is a research publication in the Indiana University Publications Science 
Series and is a comprehensive exposition of the important results relating to 
three dimensional rotational motion of a liquid, both viscous and non-viscous, 
written particularly for the mathematician. An astonishing number of 
references makes the book quite valuable for research purposes, and the book 
is rendered much more readable because of the detailed historical backgrounds 
that are given to all of the main theorems. 

T. V. Davis. 


Mécanique rationnelle. By G. Bouticanp. 5th edition. Pp. xxxii, 568. 
2400fr. 1954 (Vuibert, Paris) 

This fifth edition gathers into one volume the Précis and the Compléments 
et exercices, two excellent examples of Professor Bouligand’s expository skill, 
and offers a very detailed and complete account of advanced dynamics, fully 
illustrated by a large number of worked examples. The first half deals with 
classical problems of smooth systems, including stability, small oscillations, 
impulsive motion, the mechanics of deformable media, and an introduction to 
relativity ideas. The second half is mainly concerned with the kinematics and 
kinetics of bodies subject to friction forces, with particular attention to the 
implications of the simplifying assumptions that are normally made without 
emphasising the fact that they are assumptions. The familiar paradox of 
Painlevé, arising in what appears to be a very simple friction problem, is made 
the text for valuable and instructive comment. The author’s well-known 
versatility enables him to draw on his geometrical interests to throw an un- 
usual light on certain aspects of dynamics. The fact that a fifth edition has 
been called for indicates that the book possesses high merit, since France is 
specially rich in treatises of massive authority and perfection of form in this 
field. In this country, the number of pupils who would find the material rather 
strong meat is perhaps too large to ensure a wide appreciation of the volume, 
but it is emphatically one for the bookshelf of any teacher of dynamics at 
University level. 

T. A. A. B. 


Le probléme de mécanique rationnelle 4 l’Agrégation. By R.Gouyon. Pp. 
253. 2000 fr. 1954. (Vuibert, Paris) 

Here we have the majority of the Agrégation problems for the period 1932— 
1952, worked out in full. As most readers will know, these problems require a 
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deep knowledge of dynamics and ability to carry on a long chain of dynamical 
argument, since each problem may require as much as two pages of print for 
its statement alone. Thus a single problem may require sound knowledge of 
general principles, familiarity with the analytical processes such as Lagrange’s 
equations, and the facility to apply these various tools to a question which may 
embrace general motions, steady motions, small oscillations, the effect of 
impulses with smooth or rough contacts, in a succession of probes into the 
candidate’s skill. Some prefatory notes endeavour to help the pupil to cul- 
tivate skill in the selection of method, by discussing the direct application of 
rate of change of momentum, and by careful remarks on Lagrange’s equations 
for holonomic and for non-holonomic systems. Again, a very useful book for 
the teacher’s shelf. 


T. A. A. B. 


Celestial Mechanics. By W. M. Smarr. Pp. viii, 381, with 35 figs. 70s. 
1953. (Longmans) 

It is 35 years since a textbook on celestial mechanics last appeared in the 
English language. No author is better qualified than Professor Smart to 
rectify this state of affairs, and he has brought to the writing of this volume 
those expository gifts which have made his earlier books on mathematical 
astronomy indispensable to the serious student. 

It is customary nowadays to read into the phrase “‘ celestial mechanics ” 
much less than a literal combination of the two words would justify. In 
modern applications, the subject is limited to the study of gravitational forces 
in astronomy. No doubt the author of this book could quote substantial 
precedents for his further restriction of the field to cover motions in the solar 
system alone. Within his circumscribed limits he has produced a most useful 
introduction to the subject. The reader who cares to compare this book with 
its predecessors in the present century, however, will be struck by the absence 
of any fundamental change in scope or approach to the subject. General 
relativity, it is true, has its application to the motion of Mercury (and now also 
of the Earth), and this is duly detailed by Professor Smart ; lunar theory, too, 
has been greatly improved by methods that are faithfully outlined in the book : 
but no epoch-making advances such as have revolutionised other branches of 
astronomy can be recorded here. What, then, makes a new textbook on 
celestial mechanics so appropriate at this stage? The answer is not given 
explicitly by the author, though he hints at it in disowning, in his preface, any 
pretension to enter the field of modern methods of computation. It is surely 
that new computing machines have reopened fields of investigation not indeed 
new in principle but hitherto tacitly regarded as closed because of sheer 
intractibility. Already the big American machines, in what might be 
described from the economic standpoint as their leisure time, are being turned 
to the numerical solution of astronomical problems on which analytical 
attack has long since been abandoned. Students who wish to keep abreast 
of these developments need much the same groundwork as their predecessors 
did at the turn of the century. They are fortunate in being able to derive it 
from these pages, written as they are by one accomplished in the art of clear 
presentation of complicated mathematics. 

The book opens with four chapters on the basic two-body problem, setting 
out the general equations of motion and their known integrals and giving 
various convenient expansions. In the next few chapters the reader passes to 
disturbed motion and is introduced to the essentials of planetary and lunar 
perturbations. A discussion of canonic equations leads to the solution for an 
elliptic orbit by this method ; then follows a description of the elements of con- 
tact transformation, leading to an outline of the most exhaustive application 
of the canonic method in celestial mechanics, namely, Delaunay’s lunar 
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theory. Two chapters on secular inequalities are followed by an account of 
the influence of a resisting medium. Next comes a most illuminating com- 
parison of the methods used by Adams and by Le Verrier in predicting the 
elements of Neptune’s orbit: this will form a valuable supplement to the 
author’s well-known history of the discovery of the planet. The remainder 
of the book is devoted to lunar theory—the Hill-Brown theory is developed in 
some detail down to the minor perturbations—and to a good discussion of the 
secular acceleration and its explanation by tidal friction. 

The book does not touch upon orbit determination nor (except for the 
Moon) on satellite theory, and its usefulness to practical computers will lie 
mostly in the well-planned systematic development of basic theory contained 
in the early chapters. For all serious students of the theoretical aspects of the 
subject, however, it will be indispensable. Professor Smart has been well 
served by his publishers: layout and typography are well up to the very 
severe standards imposed by the nature of the subject, and the occasional 
inelegancies of notation are no fault ef author or printer. In the field of 
technical books it is not difficult to recognise a future classic even when newly 
published. This is one. 


A. H. 


Three Pearls of Number Theory. By A. Y. KxHINCHIN. Pp. 64. 1952. 
(Graylock Press, New York) 

This book is an English translation of the second Russian edition. It 
contains proofs of three famous theorems on arithmetic. The first is van der 
Waerden’s theorem on arithmetic progressions, which may be formulated as 
follows. Let k and l be any two positive integers. Then there is an integer 
n=n(k, l) such that, if the first n positive integers are divided in any manner 
into k classes, at least one of these classes contains an arithmetic progression of 
Iterms. At first sight this theorem appears plausible enough, but it was by no 
means easy to prove. Van der Waerden found the first proof in 1927. The 
author gives a proof due to M. H. Lukomskaya (of Minsk), which is “‘ elemen- 
tary ’’ and short (about 5 pages), but quite complicated. 

The second theorem was conjectured by Landau and Schnirelmann and first 
proved by Mann. Let (A) be an increasing sequence of positive integers 
4, ...,@; ..., and let A(n) denote the number of the a which do not exceed n. 


The greatest lower bound « of the fraction ae) is called the density of the 


sequence (A). Clearly 0<a<1 and, if a,>1, then «=0. Let (B) be an in- 
creasing sequence of positive integers 6,, 6,, ..., and let B be its density simi- 
larly defined. Finally let (C) be the increasing sequence of all positive integers 
(), Cy, ..., each of which is an a or a b or the sum of ana andab. Let y be 
the density of (C). Schnirelmann proved that 


(1) yeatP-—aB; ie. l-y<(1-«)(1-§). 


The author gives an elegantly simple proof of (1). (From this result we can 
deduce by a simple argument that, if «> 0, then every positive integer n can 
be expressed as the sum of K or less members of the (A) sequence, where K is 
independent of n). 

It was natural to conjecture that in fact 


(2) y>max(1, a+), 


but for a number of years no proof of (2) could be found. The author (1932) 
proved (2) in the special case in which «=f and Mann (1942) proved the 
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general result. The author presents here a simpler proof than Mann’s, due to 
Artin and Scherk. 

The third part of the book deals with the well-known Waring-Hilbert 
theorem that every positive integer n is the sum of s or fewer integral k-th 
powers, where s = s(k) is independent of n. From either (1) or (2) we can deduce 
that it is enough to prove that, for some S = Rix, the sequence of all positive 
integers, each of which is the sum of S or fewer positive integral k-th powers 
has positive density. This last result itself will follow if we can show that the 
number of sepeveentntions of every n as the sum of S k-th powers is not greater 
than Cn'*/)-!, where C=C(k, 8) does not depend on n. It is the proof of this 
last result that presents the real difficulties and the author here sets out a 
proof due to Linnik which is “‘ elementary ” 

Although the proofs in this book are “‘ elementary ”’ in the technical sense, 
and not in the everyday sense of being simple, they are expounded ab initio 
with a care and clarity which make them very readable. The book is strongly 
recommended to the English reader. 


BE. M. W. 


Einfiihrung in die Zahlentheorie. By F. Netss. Pp. viii, 113. DM. 4.80. 
1952. (Hirzel, Leipzig) 

This is a very readable introduction to elementary number-theory, requiring 
little previous knowledge, but using simple matrices and occasionally 
such terms as group, field and ring. The topics covered include 
quadratic reciprocity, quadratic forms and a proof of the 2-square and the 
4-square theorems. The last chapter contains an excellent collection of 
examples, usually a felt want in text-books on this subject. 


E. M. W. 


Primzahlen. By E. Trost. Pp. 95. Sw. Fr. 13.50. 1953. (Birkhauser, 
Basel) 

This little book provides a succinct account of the elementary theory of 
prime numbers. It includes the recently discovered elementary proof of the 
prime number theorem and of the existence of an infinity of primes in an 
arithmetic progression. There is a chapter on the Sieve-method and another on 
Goldbach’s hypothesis ; the latter ends with the theorem that there is some 
fixed S such that every integer greater than 1 is a sum of S or fewer primes. 

The exposition is lucid and attractive. This is the second volume of a 
projected series on the Elemente der Mathematik vom héheren Standpunkt aus. 


E. M. W. 


1. The Method of Trigonometrical sums in the Theory of Numbers. By 
I. M. Vrnoarapov. Translated from the Russian, revised and annotated by 
K. F. Rotu and ANNE Davenport. Pp. x, 180. 33s. 1954. (Interscience 
Publishers, London and New York) 


2. Elements of Number Theory. By I. M. VinoGrapov. Translated from 
the fifth revised edition by Saut Kravetz. Pp. viii, 227. $1.75 (paper), 
$ 3.00 (cloth). (Dover Publications Inc.) 

1. Analytic number theory has been transformed by Vinogradov since 1934. 
Of all his new results, perhaps the most remarkable are those on Waring’s 
problem of representing numbers as sums of nth powers. If W(r, n, N) is the 
number of solutions of the Diophantine equation x,"+...+2,"=WN, then 
W(r,n, N) is proved to be positive for all large N if r>n(3log n+ 11), while 
an asymptotic formula for W(r,n, N) as No , is obtained for r> 10n? log n. 
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Before the work of Vinogradov, nothing was known except for r exceeding 
2", a much higher bound when 7 is at all large. 

These and other results are based on improved estimates for trigonometrical 
sums, such as, e.g., ; 


a 
T(«, P)= 2 exp (27ix"a). 
z=1 


To explain the need for such estimaies, consider the Hardy-Littlewood 
approach to the problem of W(r,n, N); with minor simplifications due to 
Vinogradov, it may be summarized as follows : 


P P 
Wir, n, N)=Z ... Z [. exp {(277(7,"+...+2,"- N)a}da 


m4=1 ®=1 Jo 
= i T' (a, P) exp (- 27iNa)da, 
0 
with P"?><N<(P+1)". 


The original monograph of 1947 was very heavy reading. The translators 
have removed many obscurities, and have added a note to each chapter. 
These notes are most useful; after reading them one turns back to the 
inevitably difficult text with fresh confidence. 

2. A thoroughly revised translation of the Elements might have been worth 
doing, since the so-called problems are of considerable interest ; at least two 
of them, to the reviewer’s knowledge, have already been quoted in papers on 
number theory. These problems have, however, little or no relation to the 
text, which consists of six short but remarkably prolix chapters. Four of these 
six chapters deal with congruence and primitive roots. Thus a complete and 
balanced account of elementary number theory cannot be expected. The 
treatment, which seems designed to introduce the student to as few ideas as 
possible, fails to warn him against pitfalls ; for instance, the author does not 
mention that xy=0 (mod m) does not imply x or y=0 (mod m) if m is com- 
posite. On the other hand, simple calculations that a schoolboy should be able 
to do are set out, repeatedly, at full length. 

The translator has, most inadvisedly, kept so closely to the original that 
unidiomatic and inelegant English is the rule rather than the exception. At 
least one passage (§ 3d in ch. II) is completely unintelligible. It is not stated 
by what process the book has been produced, but at best it is legible rather 
than readable, and there are numerous misprints. The table of primitive roots 
of primes up to 4000 seems accurate and may be useful ; the same is true of the 
table for primes up to 97, of residues of powers of the primitive root. But for 
the primes 71, 97 the converse tables of indices contain errors. There are no 
references, no bibliography, and worst of all no index. 

G. L. Watson. 


Elementary Theory of Numbers. By H. Grirrin. Pp. x, 203. 36s. 1954. 
International Series in Pure and Applied Mathematics. (McGraw-Hiil) 

This book gives a very easy introduction to the elementary theory of 
numbers. As the author says in the Preface “ this book is just a text. It is 
written for the student rather than the teacher. It is neither erudite nor 
exhaustive ’’. Chapter I called ‘“‘ The Fundamental Laws” gives a quasi- 
axiomatic introduction to the theory of rational integers. It is doubtful 

Zz 
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whether an inexperienced student will derive much profit from this Chapter, 
Chapter II, ** The Linear Diophantine Equation ”’, deals with one linear 
equation in several variables. Chapter III, Properties of Integers, deals with 
unique factorization, elementary properties of divisors, perfect numbers and 
the factorization of n! Chapter LV, ** Properties of Congruences ”’, introduces 
residue classes and Euler’s ¢-function. Chapter V deals with the solution of 
congruences, Chapter VI with the theorems of Fermat and Wilson and the 
Mobius function. Chapters VII and VIII are concerned with the structure of 
the multiplicative group of residue classes (mod m). Chapter LX deals with 
quadratic residues up to the Quadratic Reciprocity Law and introduces the 
Jacobi symbol. Chapter X, ** Some Famous Problems ”’, is concerned with the 
elementary solutions of Waring’s problem and the solution of Pell’s equation. 
Chapter XI introduces the concept of a field and deals with polynomials 
(mod p). The last chapter gives a short account of the simplest properties of 
partitions. 

The main purpose of the author is to make the subject intelligible to a 
student of moderate ability. Great care has been taken to avoid undue 
conciseness and the text contains many examples. The author has also given 
a large collection of simple exercises, which is not an easy task in the theory of 
numbers. Most of them appear very suitable, but the reviewer is grateful that 
he is not compelled to write out the answer to exercise 28 on p. 13. 

The book should be a valuable help to the weaker student, but it appears 
doubtful whether a normal undergraduate in this country would be willing to 
pay the relatively stiff price for a book which barely covers the ground of a 
course on number theory and is old fashioned insofar as it is quite divorced in 
terminology from the elements of modern algebra. The book should, however, 
be of interest to the layman with a mathematical bent and would be a useful 
addition to a school library for independent reading in the sixth form. The 
book contains a list of works for further study and a carefully compiled index. 

H. H. 


Instrument Engineering. II. Methods for associating mathematical solu- 
tions with common forms. By C. 8S. Draper, W. McKay and S. Lees. Pp. 
XXvili, 827. 120s. 1953. (McGraw-Hill) 

The first volume of this monumental series was reviewed in the Gazette for 
December, 1954; the second volume is in all respects a continuation of the 
first. The most striking feature of this volume is that although it extends to 
more than 800 pages the ground covered is little more than that of systems 
represented by linear differential equations with constant coefficients. Even 
so, much of the theory is left unproved. Like volume I, most of the substance 
of the book is contained in definition summaries, the normal text consisting 
largely of verbal and sometimes verbose repetitions of these. It can only be 
guessed how much previous knowledge of the subject the authors expect their 
readers to have. It is, however, certain that anyone who needs a description 
in words of the formula for the Laplace transform or even the formula for the 
roots of a quadrati - equation is in for a sticky time with this book! Furthermore 
the bulk of the volume is increased considerably by the practice of solving 
many of the differential equations each by several different methods, which 
in many cases are neither elegant nor instructive. The theory of linear 
systems, particularly when these are representable by constant coefficient 
differential equations, is essentially straightforward provided the basic pro- 
perties of such equations are thoroughly understood. There is however an 
unfortunate tendency among modern authors on this subject to make it appear 
more advanced and complex than it really is. This is unhappily particularly 
true with the present book. 
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The volume begins with a chapter on non-dimensionalization, followed by 
one on the so-called ‘classical’? method of solving constant coefficient 
equations, this being the method based on undetermined coefficients. The 
Laplace transform method is introduced in the third chapter. An unfortunate 
convention here is the use of the same letter to denote a function and its trans- 
form. Thus the transform of F(t) is F(z). This would be objectionable even 
if it could cause no confusion. However, to take just one example, what does 
F(0) mean? There follows an introduction to the weighting function approach 
with the associated idea of convolution integrals. Here a clear account of the 
superposition principle is helped considerably by beautifully drawn diagrams. 
This chapter ends with an account of the harmonic response method. The 
next 250 pages are devoted to a detailed discussion of first and second order 
equations with step, impulse, ramp, parabolic and sinusoidal functions as 
inputs, using the previously introduced methods to obtain solutions. The 
form of development here is conventional. In particular, harmonic response 
loci of the various types are discussed in great detail. 

There follow four chapters on stability. The first is introductory and 
among other things shows how convenient the complex plane is for displaying 
the transient characteristics of a system. The second chapter is largely an 
account of the theory of equations in so far as it is applicable in this subject. 
Two methods for numerical solution are described in detail. These are the 
familiar method of Horner and an iterative process due to Shih-Nge Lin. The 
latter does not give such rapid convergence as Newton’s method (the existence 
of which receives bare mention but no more) and it is doubtful whether this is 
compensated by any simplification of the numerical process that Lin’s method 
provides. A surprising statement in this section is that synthetic division is 
applicable only with first order binomial divisors. This chapter concludes with 
a careful account of the application of the Routh-Hurwitz criteria. The next 
chapter gives numerous formulae and graphical methods for solving cubic and 
quartic equations. The feature here is the large number of useful charts. The 
‘ast chapter in this group is concerned with the determination of stability from 
the harmonic response locus using the argument principle and from the root 
locus method of W. R. Evans. 

Next comes a chapter on the use of logarithmic plots to represent sinusoidal 
response, and after that one on the problem, so easy to solve formally but so 
difficult in practice, of finding the transfer function when the input and output 
functions are given. The method adopted here makes use of Fourier trans- 
forms. The last chapter but one deals with equations containing a non-linear 
term depending on the sign of the velocity, as for example when coulomb 
friction is present. This leads naturally to the theory of the phase plane dia- 
gram. This volume is concluded with an account of the time series method 
introduced by Tustin. 

This volume, like the first, contains a very large number of definitions. To 
what extent these are necessary will perhaps be evident when volume III 
appears. The symbolism, although not so extremely complex as that in 
volume I, still hinders rather than helps, in the opinion of the reviewer. Not 
only are many of the formulae difficult to interpret, but the resolution of 
of the authors to follow the rules they have laid down leads to some very 
ungainly expressions. If there are to be rules, the first one should be that the 
most frequently used quantities should have the simplest symbols. A minor 
irritation in this connection is the use of a prime preceding a letter to indicate a 
non-dimensional quantity. In parts of the book a large proportion of the 
symbols used are modified in this way. Also since such quantities have to be 
differentiated and integrated, the differential in the untidy form d(’t) is apt te 
appear frequently. 

It will be appreciated from what has been said already that this book cannot 
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be recommended for the purpose of learning the subject from scratch. To 
what extent it can be used purely as an instruction manual by a research 
worker or designer who is prepared to apply analytical techniques without 
understanding them is problematical. To a student who understands the 
theory already, who is not going to be distracted by the complexity of the 
symbolism and who can find his way about this volume, it may well be a 
useful reference work. Very many useful formulae are to be found in its pages, 
but perhaps its most valuable feature is the collection of charts for graphical 
work. A transparent sheet from which pencil marks can be erased is supplied 
for use with these. 

If one cannot agree with everything the authors have done, one cannot but 
be impressed by their industry. It is obvious that great care has been taken to 
present the mathematical theory correctly even though there are a number of 
places where what the authors have said is not what they intended or should 
have said. For example, ‘.. . since e*! is not always zero,” or again, ‘‘ Non- 
integer roots (of an equation with integer coefficients) must be fractional 
powers of real or complex numbers ; they cannot be simple fractions ’’. 

Finally a word of praise for the publishers. The demands made on them 
have certainly equalled if not exceeded those of the first volume and again 
they have responded nobly. 

B. M. Brown. 


Relaxation Methods. By D. N. pE G. ALLEN. Pp. ix, 257. 53s. 6d. 1954, 
(McGraw-Hill) 

There is no doubt that the relaxation method, developed by Sir Richard 
Southwell and his co-workers, is a most powerful aid in the solution of prob- 
lems in theoretical physics and engineering science. Skill in the application 
of the method requires, however, much practice and the best way of acquiring 
such skill is to be instructed (as was the present reviewer) by an active worker 
in the field. The courses run at the Imperial College of Science and Technology 
by Mr. D. N. de G. Allen were ideal for this purpose and Mr. Allen has done a 
great service to a still wider circle of students by writing the book under review. 

This book places great emphasis on the explanation of the details of the 
arithmetical processes which must become second nature to the successful 
“relaxer”. It is an instructional manual “ par excellence ’’ and Mr. Allen’s 
great lucidity as a lecturer is here shown also in his writing. The examples 
have been most carefully constructed to lead the reader step by step through 
the various devices which have been found by experience to shorten the com- 
putations and so enable worthwhile practical problems to yield numerical 
solutions. To obtain the maximum benefit, the reader should not attempt to 
browse through the book in an armchair but should work with pencil and 
paper all the illustrative examples and exercises for himself. He will then 
almost certainly acquire sufficient dexterity to apply the methods to his own 
problems. 

Since the book is intended to explain how to relax rather than to bea 
complete work of reference on the subject, no attempt is made to discuss the 
more difficult applications of the method. Several recent advances (three- 
dimensional relaxation, the solution of the equation of heat conduction, cases 
in which the area of integration is not singly connected, etc.) have, however, 
been included and appear for the first time in book form. A valuable biblio- 
graphy shows the wide range of problems which have been successfully 
attacked by relaxation methods and a study of any of the original papers 
mentioned will be made much easier if the book under review has been 
previously studied. 

C. J. TRANTER. 
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Wave Motion and Vibration Theory. Vol. V, Proceedings of the Fifth 
Symposium in Applied Mathematics of the American Mathematical Society. 
Pp. 169. $7.00. 1954. (McGraw-Hill) 

This volume contains papers which were presented at the Fifth Symposium 
in Applied Mathematics in June 1952 and the papers fall into four groups: 
Stability of Fluid Motions, Diffraction and Scattering Problems, Hydro- 
dynamic Waves and Vibration Theory. In the first group C. C. Lin reviews 
the problem, which he has been pre-eminent in clarifying, of the stability of 
two dimensional motion in a channel and 8. Chandrasekhar reviews the sta- 
bility problem of a fluid heated from below and subject also to a magnetic 
field ; this is essentially a review of his many outstanding contributions to this 
problem. In this group also P. R. Garabedian reviews the problem of sym- 
metric cavitational flow and establishes an important existence theorem while 
W. Bleakney reviews observational work of the interaction and reflection of 
shock waves. The papers presented in the second group are, on the other 
hand, accounts of current research in the following problems, Acoustic 
Radiation Pressure on a Circular Disc, Scattering by Soft Obstacles, the Coup- 
ling of two Half-Planes (two acoustical ducts separated by a semi-infinite 
plane) and finally the problem of diffraction by a circular aperture in an 
infinite plane screen. In the third group J. J. Stoker solves an initial-value 
problem of classical type and deduces by a limiting process how in the corre- 
sponding steady state problem one has to impose the correct conditions at 
infinity. Carrier and Munk examine theoretically the problem of the observed 
correspondence between the Pacific tidal oscillations and the depth of fresh 
water in Hawaiian wells. The last section contains two papers on non-linear 
oscillations, one by N. W. McLachlan on surges in a hydraulic duct the other by 
S. Lefschetz on the Lienard equation in which he establishes the existence of a 
periodic solution by a much simpler technique than has formerly been used in 
this problem. In the paper on wave propagation in helical springs by E. H. 
Lee the influence of collision of adjacent coils is taken into account. Finally 
there is a substantial paper by A. Weinstein on the Wave Equation and the 


: " k : ’ 
equation of Euler-Poisson 4?u=uy+ gue u= u(a, ...,2%,,¢t) in which the 


solutions are established for the Cauchy Problem for all positive integers m 
and all real k. 
T. V. DaviEs. 


Principles of Numerical Analysis. By A. S. HousEHoLpER. Pp. x, 274. 
48s. 1953. (McGraw-Hill) 

The contents of this volume are not the sort of thing that the title first 
suggests, unless extraordinary emphasis is given to the first word. As the 
author says firmly in his opening sentences, ‘‘ This is a mathematical textbook 
rather than a compendium of computational rules. It is hoped that the 
material included will provide a useful background for those seeking to devise 
and evaluate routines for numerical computation.” The text is relentlessly 
non-numerical. The nearest approach to a decimal number seems to be 


(z,B-! + vB-? +... + 2, B-A)p, 

where 8 is a base which may be thought of as being usually 2 or 10. It is 
clear that the book is not meant as an alternative to well-known introductions 
such as those of, say, Whittaker and Robinson, Hartree, W. E. Milne, and 
Mineur. It is true that the author has tried to keep the discussion within reach 
of ‘‘ one who has had a course in calculus ’’, but the reviewer would not recom- 
mend the book to students, whether postgraduate or advanced undergraduate, 
who do not possess a fair measure of acquaintance with at least one of the texts 
mentioned above. 
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Chapter 1, on the art of computation, deals mainly with the various sources 
of error inevitable in calculations performed to a limited number of figures. 
Chapter 2, the longest in the book, is devoted to matrices and linear equations, 
and reflects the great amount of work done in recent years in developing 
methods for the inversion of matrices and the solution of linear equations, 
possibly of high order, with the help of automatic calculators. Chapter 3 
deals with non-linear equations and systems; methods for the numerical 
solution of algebraic equations figure prominently. Chapter 4 is concerned 
with the determination of the proper values and vectors of a matrix. There 
follow comparatively brief chapters on interpolation, more general methods of 
approximation (e.g., curve fitting), numerical integration and differentiation, 
and the Monte Carlo method. Each chapter ends with bibliographic notes 
which refer to a 15-page list of references. In spite of some misprints, this is 
likely to be found very useful, especially since it contains a fairly high pro- 
portion of recently published items. Among the problems in a 6-page 
collection are some which require numerical solution. 

It is not easy to say for whom, in this country, the book is most suitable. 
Parts of it should be available to anyone working, or expecting to work, on the 
programming of large computations. The book also contains a good deal 
which is likely to be already known, for while it assumes a knowledge of the 
calculus, it seems to set out to teach algebra. For instance, Chapter 3 starts by 
developing the elements of the theory of equations ab initio, though most 
people capable of reading the book will already have assimilated the material 
at least as far as Sturm’s functions. A similar remark applies to parts of Chap- 
ters 2 and 4. Nevertheless, these three largely algebraic chapters constitute 
the most valuable part of the book. In the later chapters the author hardly 
allows himself space for more than accounts of general principles followed by 
references to other works. 

The general practitioner of the computational art may feel that the book is 
remarkably abstract, yet it undoubtedly provides a very acceptable account 
of a number of developments which have become important as matters of 
practical technique among specialists. 

A. F. 


Table of Binomial Coefficients. Edited by J.C. P. Mitter. Pp. viii, 162. 
35s. 1954. Royal Society Mathematical Tables, Volume 3. (Published for 
the Royal Society at the University Press, Cambridge) 

This volume contains exact values of the binomial coefficients "C,, and falls 
into two main parts. On pages 2-103 are given all coefficients for all integral 
values of n up to 200 ; except for a certain amount of space-filling, values are 
not given for r>4n, as "C,_,="C, is to be used. The greatest values of 
"C,, for each n (one if n is even and two if n is odd) are conveniently distin- 
guished by bolder type. Subsequent pages give values of "C, for : 


n = 200(1)500, r=2(1)12 n = 1000(1)2000, r= 2(1)5 
n = 500(1)1000, r= 2(1)11 n = 2000(1)5000, r= 2, 3 


The fact that all values are exact should be particularly noted ; for example, 
200(',, consists of 59 digits. 

The tables were prepared for the Mathematical Tables Committees of the 
British Association and the Royal Society by a considerable number of 
collaborators. Values were produced for n<200 on National accounting 
machines and for n>200 on Hollerith punch-card equipment, and checked in 
proof on Hollerith equipment and also partly against existing printed and 
manuscript tables and by desk commutation. Freedom from error in the 
tables may reasonably be assumed. The following errors in the Introduction 
may, however, be noticed : 
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page vii, line 22, for n <4r read n <2r (or r> 3n), 
page viii, line 25, for r<4n <60 read r<n <60. 


A large table which is essentially ‘‘ triangular ’’, as here up to n= 200, is not 
easily arranged on pages. All possibilities have advantages and disadvantages, 
and the arrangement chosen is probably the most generally satisfactory that 
can be devised. Throughout the volume, n is the left argument and r is the 
top argument. Thus values of "C,, for fixed n lie in rows, not columns. A 
complete set of coefficients for n= 200 would have to be gathered from 31 
openings. For some purposes it might be convenient to have the values for 
fixed n arranged in columns (as in Peters and Stein) ; for example, values for 
n= 200 could be shown at one opening. But the arrangement adopted is much 
more economical of space and of course works admirably in the later part of 
the volume. Moreover, to the great convenience of users, all values for n <50 
are exhibited at a single opening. 

It is almost superfluous to recommend this handsomely printed volume of 
standard values ; it recommends itself. It is stated that the volume was 
financed by the Cunningham Bequest (1928) for the production of new tables 
in the Theory of Numbers. Many besides number-theorists will benefit. 

A. F. 


A Short Table for Bessel Functions of Integer Orders and Large Arguments. 
By L. Fox. Pp. 28. 6s. 6d. 1954. Royal Society Shorter Mathematical 
Tables, Number 3. (Published for the Royal Society at the University Press, 
Cambridge) 

This table is small in bulk but not in importance. It supplements, for large 
arguments, two substantial volumes of tables of Bessel functions published in 
1937 and 1952 for the British Association and the Royal Society (see Math. 
Gazette, 37, 307, 1953). These gave values of J,,(x), Y,(x), I,(7), K,(x) and 
auxiliary functions for integral values of n from 0 to 20 and for values of 2 up 
40 20 or 25. The present tables are again for n = 0(1)20, but the other argu- 
ment is now 1/x=0(-001)-05, so that «> 20. 

The Bessel functions themselves are evidently totally unsuitable for tabula- 
tion with argument 1/2 for large x. The quantities tabulated instead are four 
well-known functions which occur as power series in 1/x in the asymptotic 
expansions for large x (see page xxxiv of the 1952 tables). Either these func- 
tions or their natural logarithms are tabulated to 8 or 9 decimals, with modified 
second differences (also fourth when necessary). The tables provide a compact 
and convenient means of computing Bessel functions of integral orders and 
large arguments. 

The tables were set on a card-operated typewriter at the National Physical 
Laboratory and the text was set at the University Press, Cambridge. The 
whole was then lithographed. The result is adequately clear, if less beautiful 
than the two main volumes, which were printed from type. A. F. 


Simultaneous Linear Equations and the Determination of Eigenvalues. 
Edited by L. J. Patce and Orea Taussky. Pp. iv, 126. $1.50. 1953. 
Applied Mathematics Series, 29. (National Bureau 'of Standards, Washington) 

The subject of this slim volume is one which in recent years has come into 
prominence as a branch of practical analysis through the advent of high- 
speed automatic digital computing machines. In various scientific and 
engineering fields there is frequent need to solve a system of n simultaneous 
linear equations in n unknowns, say Ax=b, where A is a given non-singular 
square matrix and b is a given column vector. In the absence of adequate 
mechanical assistance, investigators until recent years usually deemed 
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systems of more than, say, six or eight such equations unmanageable, and 
made whatever approximations were necessary to avoid them. The develop. 
ment of fast automatic machines has given fresh impetus to the search for 
efficient numerical methods. The problem is not a particularly simple one, 
for the elements of A and b are often numbers subject to experimental error, 
and one frequently wishes, not merely to solve Ax = 6 or to evaluate the inverse 
matrix A~', but also to determine the influence on the results of possible errors 
in the data. Further practical requirements include such things as the 
determination of eigenvalues A, whether of Ax= Az in the discrete case or of a 
variety of boundary value problems in the continuous case. 

The volume under review consists of 19 invited reports presented by various 
mathematicians at a 3-day symposium held at the Institute for Numerical 
Analysis at Los Angeles in August 1951. Besides leading American experts, 
the contributors include scientists from England, Germany, Italy, Sweden 
and Switzerland. The reports range in content from pure theory to accounts 
of practical experience with large automatic installations. With such variety 
of content, most mathematicians concerned with any aspect of the subject are 
likely to find something of interest in the volume. It appears from the results 
of several authors that solutions or matrix inversions for n = 20 may be made 
in a few hours by various methods on existing machines. Systems of much 
higher order have been successfully dealt with. 

The first report, much larger than any of the others, occupies 28 pages, and 
contains a classification and bibliography of previous work, presented with due 
modesty as “‘ a collection of working notes, and not a polished bibliography ”’. 
Of nearly 500 items, about 30 per cent are marked with the degree sign (°) 
which denotes “‘ not examined personally ”’, the information provided in these 
cases being usually taken from an abstracting journal. The reference is often 
to well-known, even American, journals; for example, the sign against 
McCann at the foot of page 21 gives the impression that Mathematical Tables 
and other Aids to Computation cannot be consulted at the Institute for Num- 
erical Analysis! Some effort seems to have been made to improve matters 
during the reading of galley proofs, when nearly all references were checked 
“‘ against the original papers or their reviews’. It is not clear to the present 
reviewer whether the degree signs refer to the position before or after the 
checking of proofs. It is possible that the manner of presentation gives an 
unduly unfavourable impression of a piece of work which has in the end been 
made satisfactorily accurate and useful. 


A. FLETCHER. 


The Tutorial Algebra. By W. Brices and G. H. Bryan. Sixth Edition, 
revised and rewritten by G. Walker. Vol. I. Pp. xii, 491. 12s. 6d. 1954. 
(University Tutdrial Press) 

This well-established work, which was “‘ fully revised, rewritten and ex- 
tended ”’ in the fifth edition (reviewed in M.G. XXV, p. 127), has again been 
revised throughout with the addition of new material and examples, and two 
new chapters have been added at the end of the book in place of the chapter 
on interest and annuities. The first of these deals with Important Series 
including the binomial expansion, logarithmic and exponential series, and the 
expansions of sinh x, cosh z, sinxandcosz. The second, on Probability, deals 
with the addition and multiplication of probabilities, and with the binomial 
and Poisson distributions. Both are written with the clarity and attention to 
detail which are a feature of the whole book. 

Volume I claims to cover the algebra needed for the G.C.E. Advanced Level 
and the London Inter., and the claim seems to be amply justified. It is a pity, 
however, that in a book which appears to be partly intended for the private 
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student and includes a wealth of worked examples suited to that purpose, no 
indication is given of what parts should be taken at a first and what at a second 
reading. 

The revision might perhaps have been carried further: Figs. 28 and 30 
depict cubic curves which could be cut in five points by a straight line, and 
Chapter | still pins its faith to the mystical Principle of the Permanence of 
Equivalent Forms. But such blemishes are rare and there are other places 
(e.g. in the chapter on Induction) where one is tempted to put up a notice : 
Other writers please copy. 


A. B. 


Tables of Integral Transforms. I. Edited by A. ErpgEtyr. Pp. xv, 391. 
60s. 1954. (McGraw-Hill) 

The realisation of part of Bateman’s encyclopedic plan has so far given us 
two out of three of the volumes promised on higher transcendental functions 
(see Gazette, XX XIX, p. 81) and now we have the first of the two companion 
volumes on integral transforms. Arrangement presents unusual difficulties 
but the editor and his able assistants (Magnus, Oberhettinger and Tricomi) 
have decided on what I think is the best in the long run, Fourier sine and 
cosine transforms, Laplace transforms, and Mellin transforms, the two latter 
with sections for the inverses. They have been reasonably generous with 
overlaps and repetitions, and have been content with conditions of validity 
easy to apply and to use, rather than of the utmost generality. 

It is a great boon to have such tables in one volume. Moreover, while good 
and fairly up-to-date tables of the Laplace transform exist, such as the 
Cossar-Erdélyi table prepared for the Admiralty Computing Service, and the 
two lists by McLachlan and Humbert in the Gauthier-Villars Mémorial series, 
I believe that the only extensive list of Fourier transforms is that of Campbell 
and Foster, a good table but even in its later issues not much extended from 
the 1931 version, and I do not know of any substantial collection of Mellin 
transforms. Thus a comprehensive and up-to-date collection such as this, in a 
single volume, is very welcome, and can be sure of a place on a readily acces- 
sible shelf. 

Bateman’s plan was to list integrals according to fields of application ; in 
view of developments in recent years, the present arrangement is probably 
more convenient. Bateman’s own material has had sometimes to be heavily 
sacrificed, sometimes considerably supplemented by systematic ransacking of 
other collections and by new calculations. But the dedication pays tribute to 
the imagination which planned and the devotion which toiled at a gigantic 
task. These volumes are not Bateman’s, but without Bateman they would 
not have existed. 

Reproduction from vari-typer script is particularly difficult when compli- 
cated formulae are involved, which means in this case on every page and almost 
on every line. The result, while inferior to the work of first-class printers, is 
generally good and reflects great credit on Miss Stampfel, who prepared the 
script for the photo-offset process. T. A.A. B. 


Exercises in Workshop Mathematics. By L. Smrru. Pp. vi, 90. 4s. 6d. 
1954. (Cambridge University Press) 

In this book Mr. Smith has brought together a set of practical mathematical 
exercises which confront the young engineer in his early training. The book 
presents problems which should prove of particular interest to young railway 
engineers, and also provides exercises applicable to any workshop. A student 
who has worked through this book should be well able to cope with any prob- 
lems presented to him during his training period. 

A book of value to both students and teachers. A. E. Warxiss. 
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Selected Papers on Noise and Stochastic Processes. Pp. 369. $2; cloth, 
$3.50. 1954. (Dover Publications, New York) 

Among the many contributions of the Dover Company to the needs of 
mathematicians is their series of selected papers on special topics ; nuclear 
physics and high-speed aerodynamics have already been dealt with, and now 
we have a reprint of certain survey material on the rapidly developing topic 
of “ noise ”’, the Brownian movement and stochastic processes. The items are : 

S. Chandrasekhar : Stochastic problems in physics and astronomy ; 

G. E. Uhlenbeck and L. 8. Ornstein: On the theory of the Brownian 

motion ; 

Ming Chen Wang and G. E. Uhlenbeck: On the theory of the Brownian 

motion. II; 

S. O. Rice : Mathematical analysis of random noise ; 

M. Kac: Random walk and the theory of Brownian motion ; 

J. L. Doob: The Brownian movement and stochastic equations. 


T. A.A. B. 


A Budget of Paradoxes. By Aucustus DE Morcan. 2nd edition, rep. 
Pp. 402, 387. $4.95. 1954. (Dover Publications, New York) 

The best of all bedside books seems to be less well-known today than it 
should be. Second-hand copies of the original edition (1872) are scarce, and 
even the Open Court edition (2 volumes, 1915) with a host of notes by D. E. 
Smith may have to be sought with patience. This Dover reprint of the 1915 
edition is therefore very welcome. Young mathematicians should draw profit 
and pleasure from De Morgan’s wit, satire and erudition, not yet out-moded, 
since the crank, the sciolist and the paradoxer flourish today just as they did 
100 years ago, and James Smith, of the Mersey Docks and Harbour Board, 
does not lack claimants to his diadem as monarch of the circle-squarers. 

The compact single volume is neatly printed and well-produced, with a short 
introduction in which Professor Nagel pays a fitting tribute to De Morgan, his 
acute logic, his high-mindedness and his rapier-like wit. 

My only complaint is that some blatant misprints which marred Smith’s 
edition have not been corrected. T. A. A.B. 


Dictionary of Mathematical Sciences. II. English-German. By Leo 
HERLAND. Pp. 336. $4.50. 1954. (Frederick Ungar Publishing Co., New 
York) 

The German-English volume of this dictionary, reviewed in the Gazette 
(XXXVITI, p. 136), covers the same ground as this second part of the work. 
The same scheme of principal and cross references is continued here, but there 
is a considerable increase in the number of words and phrases translated. 
Topological and statistical matters, in particular, are given a much fuller 
treatment. 


R. B. H. 


The Psychology of invention in the Mathematical Field. By J. HapAMARD. 
Rep. Pp. xiii, 145. $1.25; cloth, $2.50. 1954. (Dover Publications, New 
York) 

This is the only systematic study of the psychology of mathematical inven- 
tion (or discovery) to be made by a mathematician of the very front rank, that 
is, by one who can speak with direct personal knowledge of the process where 
some great new result comes to birth. To Hardy’s review of the original 
publication in Vol. XXX (p. 111), we need only add a word of thanks to the 
Dover Company for this reprint, of interest to all who are fascinated by the 
mystery of creative mathematical art. 


T. A.A. B. 





reade! 
whose 
statist 
with i 
who r 
learn 

who h 
accou 
and r 
equat 
are a: 
at thi 


Qu: 
New 
Thi 
to ex] 
ment: 
mech 
matic 
math 
Aft 
of th 
notio 
altho 
Ther 
quan 
prese 
chan; 
adva: 
tion 
mom 
grou] 
chap 
in th 
are d 
expe 
Th 
to w 
and | 
from 
quan 
and ] 
Chay 


oth, 


s of 
slear 
now 
opic 
are : 


nian 


nian 


\. B, 
rep. 


an it 
_ and 
D. E. 
1915 
orofit 
»ded, 
y did 
oard, 


short 
n, his 


1ith’s 
A.B. 


LEO 
New 


‘azette 
work. 
there 
lated. 
fuller 


B. H. 


[ARD. 
New 


nven- 
, that 
where 
iginal 
to the 
yy the 


A. B. 





REVIEWS 339 


An Introduction to the Calculus of Finite Differences. By C. H. RicHarpson. 
Pp. vi, 142. 28s. 1954. (Van Nostrand, New York ; Macmillan, London) 

The solid volumes of Nérlund and Milne-Thomson demand from their 
readers a certain sophistication, unlikely to be found in beginners or those 
whose interest in finite differences lies in the applications to physics or 
statistics. This Introduction is almost entirely formal in character, the work 
with inverse operators is somewhat naive, and the budding pure mathematician 
who might be attracted by the formal ease would have certain things to un- 
learn later in his career. But for those who want the elementary applications, 
who have neither time nor stomach for the austerities of the full doctrine, this 
account of finite integration, Bernoulli and Euler polynomials, interpolation 
and numerical integration, the Gamma function and elementary difference 
equations, should prove simple to read. The work, if formal, is clear, and there 
are a reasonable number of easy examples. The author has aimed deliberately 
at this class of student, and has hit the mark. 


T. A. A. B. 


Quantum Mechanics. By E. Mann. Pp. 233. 35s. 1954. (Academic Press, 
New York ; Butterworth, London) 

This book is the result of a course of lectures on quantum mechanics given 
to experimentalists at A.E.R.E. Harwell and its main appeal is to the experi- 
mentalist, showing him very concisely and quite admirably what quantum 
mechanics can do and, in broad outlines, how it is done. There is no mathe- 
matical rigour and hardly any proofs of theorems are given, although the 
mathematical difficulties and assumptions are carefully indicated. 

After an introduction on vector and function spaces which forms the basis 
of the whole treatment, the Schrédinger equation is derived from physical 
notions of the wave nature of matter and some simple cases are worked 
although the complete solution of hydrogen, for example, is not attempted. 
There follows in Chapter IV a more formal account of the general principles of 
quantum mechanics in terms of operator theory, measurability, etc. This 
presentation, leaning towards J. von Neumann, is admirable and a welcome 
change from the usual type of exposition to be found in elementary and often 
advanced texts. Matrix mechanics is then shown as an alternative representa- 
tion and there follow chapters on the important applications to angular 
momentum, perturbation theory and collision processes. A final chapter on 
group-theoretical methods is welcome. The exercises given at the end of each 
chapter are in the main pieces of essential theory which have not been included 
in the text because they usually involve tedious algebra. Thirty three pages 
are devoted at the end to hints for solving the exercises. One could hardly 
expect the average student to tackle these exercises unaided. 

The physics student will find the text fairly hard going especially if he wants 
to work through all the results given, but he will find the presentation clear 
and refreshing. The theoretical student who usually approaches this subject 
from classical mechanics, will not find the strong historical link between 
quantum and classical mechanics and, with the lack of mathematical detail 
and precision, the book is not a standard text-book for him. It (and especially 
Chapter IV) is certainly to be recommended for reading. o* 

.L. R. 


Theory of Games and Statistical Decisions. By Davin BLACKWELL and 
M. A. Girsuick. Pp. xi, 355. 60s. 1954. (John Wiley, New York ; Chap- 
man & Hall) 

It has been said that one bookseller’s catalogue listed books on the theory of 
games under “ entertainment ”’. To obviate such an undeserved slight, or 
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compliment, the book under review ought to bear a notice stating that any 
similarity between its contents and games as played or decisions as made by 
statisticians is purely accidental. This is not meant in any disparaging sense. 
The book is an excellent presentation of a mathematical discipline whose 
boundaries have not yet been drawn and whose centre of gravity the authors 
have every right to determine for themselves. 

Historically, of course, there is a connection between realistic happenings 
and abstract ideas in this field as there is in any field of pure mathematics. 
The concept of statistical decision functions is due to A. Wald. Such a func- 
tion is a rule which states what decisions to make after any possible outcome 
of an experiment in which chance plays a part. The similarity with the con- 
cept of strategies in game theory is obvious, but it needed Wald’s genius to 
make it apparent. On this fundamental idea, he built a theory which was 
made fruitful by remembering also the difference between games played against 
an opponent who wants to win himself, and against Nature, who is presumably 
indifferent. 

On these foundations, an extensive theory has been erected, dealing with 
finite or infinite sets of possible states of nature and of possible decisions, and 
with their intricate pattern. There are also assessments to be made of which 
decisions are better than others, in a well defined sense. 

The present book deals only with one part of the whole theory, but does it 
very thoroughly. It is meant to be a text-book and requires only fairly 
elementary mathematical knowledge, but a capacity for abstract thinking and 
a memory for notation which, in the reviewer’s opinion, is overtaxed. The 
book is addressed to specialists, but it must be said that the first two chapters 
contain the best analysis of the theory of games, in abstract form, which I 
have yet seen. The proof of the Fundamental Theorem, in particular, could 
hardly be made more concise. 

Nobody interested in the ways and by-ways of mathematical statistics can 
ignore this new addition to Wiley’s publications in statistics. 

8. V. 


Sample Survey Methods and Theory. By M. H. Hansen, W. N. Hurwitz 
and W. G. Mapow. Vol. I—Methods and Applications, pp. xxii, 638 ; 
Vol. I1—Theory, pp. xili, 332. 64s. 56s. 1953 (New York: John Wiley and Sons; 
London : Chapman and Hall) 

It has always been an important problem in statistics to recognize that the 
data in the possession of the compiler or experimenter should be recognized as 
a sample only of some “ population ’’, and the most efficient methods are 
required for estimating population parameters, such as mean and variance, 
from the observed random variables. The mathematics involved is not pro- 
found, although it is more complex than that given in elementary text-books 
when it comes to considering populations as finite. Large scale census and 
survey studies conducted by Government agencies require many workers, 
who know little or no mathematics, to be instructed in the various techniques 
of choosing and handling samples, and of reducing the data. This branch of 
statistics has therefore assumed a high degree of importance, and it is a matter 
for satisfaction that the importance of using correct mathematical methods in 
sampling work is so universally recognized nowadays. A number of text-books 
on the subject have appeared. Unfortunately, these are mostly very long and 
in parts, to the mathematician, dull; this is due to the need for providing a 
careful expository manual for the ordinary worker. 

The book under review is no exception, for it runs to close on one thousand 
pages. It is published, however, in two volumes ; in the first and larger of the 
two is a manual of method, with a complete range of applications, while the 
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second collects up the relevant theory that is made use of in the first. It is 
perhaps appropriate in a mathematical journal to concentrate attention on the 
second volume. This is a longish book in itself because of a desire to be self- 
contained. A first chapter gives definitions, ending up by explaining why 
probability methods should be used in selecting samples. The next chapter 
covers general probability theory in great detail, while chapter three deals 
with the standard theory of random variables, including mathematical expec- 
tation, variance and covariance, and convergence in probability. The next 
eight chapters give the requisite derivations and proofs in connection with the 
material presented in the corresponding chapters of Volume I. These are taken 
in the usual order of increasing complexity, beginning with simple random 
sampling, then moving to stratification and to the various cases of cluster 
sampling and multi-stage sampling. Special problems are the control of varia- 
tion in size of cluster, and estimating variances, and these have chapters to 
themselves, while a penultimate chapter deals with regression estimates, double 
sampling, sampling for time series, and other methods. The last chapter of all 
develops a theory for response errors ia surveys. 

What can be said broadly is that the book is carefully compiled, well written, 
authoritative and well-documented with references. If it is a little prolix in 
parts, we can at any rate say that it needs no pre-requisite reading, so that it is 
altogether suitable for the beginner, as well as for someone who only requires 
to have a broad idea of the problems at issue. 


J. WISHART. 


Statistical Theory of Extreme Values and Some Practical Applications. 
By E. J. GumBet. Pp. viii, 51. 40 cents. 1954. (National Bureau of 
Standards Applied Mathematics Series, 33 ; Washington, D.C.) 

In its development classical statistical theory has been mainly concerned 
with the properties of averages and in its applications with the average pro- 
perties of populations and materials. But in many practical problems, 
especially in engineering design, it is the extreme rather than the average value 
of a variate which may be the determining factor, and, so far, statistical 
theory has not provided the engineer with a general theory of extreme values. 
This omission may well be one of the reasons for the reluctance of engineers, 
in general, to adopt statistical techniques in solving design problems. 

The strength of a chain depends not on its average strength, but on the 
strength of its weakest link ; an aircraft has to be designed to withstand the 
stresses not of the average conditions but of the extreme conditions it is likely 
to meet. The materials which mechanical and electrical engineers have to use 
are not homogeneous ; often, as with insulating materials, it is the expected 
minimum value of some physical quantity on which the engineer has to base 
his design. In the past, problems of design have been solved by various ad 
hoc methods ; the engineer has usually based his calculations on average values 
of the strengths of his materials and has then confessed his ignorance and 
doubt by multiplying his answer by the arbitrary number he euphemistically 
calls the “safety factor”. The author of the pamphlet under review has 
spent many years establishing a statistical theory of extreme values and he 
has succeeded in providing such a theory in a form which is readily applicable 
to practical problems. 

If f(x) is a probability density function, then the probability that a random 
value of the variate is less than some pre-assigned value « is given by 


z 
F(x) -{ f (x)dx. The probability that n independent observations are all less 


—o 
than x is F"(x), which is also the probability that 2 is the largest among n 
independent observations. Hence the probability that the greatest value of n 
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observations is less than x, is equal to F"(x,). The distribution of the largest 
of the n independent observations is then given by the derivative of this 
function, i.e. by 


$¢(x,)=nF"(x,) f (xy) 


Similarly, the distribution of the least of n independent observations, 2,, is 
given by 


¢(z,) =n{l1 -— F(x,)}"" f (2,). 


These results are of course well known, but the functions ¢(x,) and ¢(x,) for 
the various forms of f (2) which arise in practice are not usually amenable to 
exact analysis (though Tippett has investigated the important case in which x 
is normally distributed and has tabulated expectations of the range, (x, — 7,), 
for a wide range of values of n). In effect, Gumbel provides a general method 
of finding the asymptotic distributions of ¢(x,) and ¢(x,), when f (x,) and 
f (z,) are small, as n tends to infinity. His method embraces several earlier 
but isolated results obtained by von Mises, Fréchet, and Fisher. 

The pamphlet consists of four lectures in which the author surveys the 
general problem, describes some graphical methods (using a special form of 
probability graph paper), outlines the mathematical theory, and finally 
describes some applications. His attitude is that of the engineer rather than 
of the mathematician ; his exposition of the mathematical theory, limited in 
any case to one lecture, is therefore cursory. Though we must be grateful! to 
the American National Bureau of Standards for sponsoring this publication 
we hope that the author will not be deterred from presenting his work in a 
more considered and expanded form. The statistical theory of extreme values 
could give a more logical basis both to many aspects of engineering testing and 
design and also to theories of the breakdown of materials under stress. It 
opens a new field of exploration for mathematical statistics, in which the author 
indicates some unsolved problems, and provides computers with some new 
functions to tabulate (though some tables have already been published in No. 
22 of this series). It may also contain some disturbing implications for the 
theory of statistical inference. 

This slim pamphlet is likely to be of far-reaching importance. 


B. C. BROOKES 


Limit Distributions for Sums of Independent Random Variables. By B. V. 
GNEDENKO and A. N. Kotmocorov. Translated by K. L. Chung. Pp. ix, 
264. $7.50. 1954. (Addison-Wesley, Cambridge, Mass.) 

This translation of the Russian edition of 1949 makes available to English 
readers a work of classical simplicity and generality by two distinguished 
founders of modern probability theory. The book is based on lecture courses 
given by the authors in the Universities of Lwow and Moscow. It summarizes 
and systematizes results which have been scattered over many different 
journals in several languages in recent years. 

The work consists of three main parts. The introductory part opens with the 
seemingly inevitable but wholly inadequate summary of the basic theory of 
probability in terms of measure theory and the Stieltjes integral which is 
found in all books on modern probability theory. As J. L. Doob comments 
in a critical appendix to the book : “ It is an interesting fact that with all the 
research going on in the theory of probability, there is still no text (such as 
there are in great numbers, for example, in the theory of functions of a complex 
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variable) which starts from the beginning, makes all the necessary definitions, 
with a proper discussion of each, and proves the basic theorems, thus assuring 
the student that only the analytical details peculiar to particular developments 
remain to hinder him. The point is not that there is no good book which covers 
this material, but that no book has ever been written with this purpose in 
mind.” Certainly such a book is urgently needed; it might even be dis- 
covered by its author that some of what is now demanded of the student before 
he is allowed to read modern probability theory is not strictly necessary. 
However, when the reader has forced his way through this introductory 
summary, the way is open to the elegant development which forms the subject 
of the book. 

The main tool used by the authors in building up their theory is the concept 
of the characteristic function, i.e. the expectation of e*'* for the variate x. For 
the investigation of sums of random variables the characteristic function of a 
variate distribution has some useful properties; for example, it uniquely 
determines the distribution function of the variate and, further, if 


TH=AXz+%Xet+... +My, 


where the summands are independent variates, then the characteristic function 
of x is clearly equal to the product of the characteristic functions of the 
summands. The authors therefore carefully establish the properties of the 
characteristic function and illustrate its applications. 

The second tool used is the concept of infinitely divisible distributions. A 
distribution function is said to be infinitely divisible if and only if its charac- 
teristic function, f(t), is, for every natural number n, the power of some 
characteristic function f,(t). A detailed analysis of the implications of the 
infinite divisibility of distribution functions completes the introduction. 

In the second part the authors establish general limit theorems for sums of 
independent variates. If %,, ¢,, ..., f,, ... is a sequence of variates, each of 
which is the sum of a given number of-mutually independent variates, &,,;, 
then it may be found that, for suitable real constants A,, the distribution 
functions of the variates ¢,,— A, converge to a certain limit. There then arises 
the problem of discovering the properties of this limit distribution function 
and how they depend on the restrictions imposed on the variates if the role of 
any one of them becomes vanishingly small as tends to infinity. The authors 
solve this problem in generai terms and illustrate their results by simple 
examples. 

Finally the authors consider the special case in which the variates ¢,, are 
the normalized sums of variates which are identically distributed. Here it is 
necessary to introduce the concept of a stable type of distribution, which is 
defined as one which contains all the compositions of distributions belonging to 
it. The problem of determining in general terms the characteristic function 
of all stable types of distribution is completely solved by a theorem due to 
Khintchine and Lévy. With this and other fundamental theorems in this field 
established in recent years, the authors round off their exposition by proving 
that the class of possible limit distributions of the normalized sums of 
identically distributed variates coincides with the class of infinitely divisible 
distributions. 

In this American edition the mathematical equations and formulae have 
been reproduced directly from the Russian edition, and the verbal text has 
been excellently translated with corrections and helpful annotations. It is a 
model of what an advanced mathematical text-book should be and a valuable 
addition to the literature of random variables now available in English. 


B. C. BRooKEs. 
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Le Mouvement Brownien. By Paut Lévy. (Mémorial des Sciences Mathé- 
matiques, CK XVI). Pp. 84. 1954. (Gauthier-Villars, Paris) 

An additive random function X(t) of the real variable ¢ is said to have “‘linear 
Brownian motion in a constant field” if X(t,)-X(t)=é V(t, —t,) Where 


t,>t, and € is a normalized Gaussian variate; from this definition Lévy 
develops the theory expounded in this booklet. The title might suggest that 
the booklet describes physical processes, but though Lévy indicates analogies 
between some of the equations he derives and those of diffusion and conduc- 
tivity processes, his interest in the Brownian motion is almost wholly mathe- 
matical. 

The greater part of the booklet is devoted to a logically developed theory of 
the linear random function defined above’; the remainder, less coherent, 
consists of an account of additive random functions which have ‘‘ Brownian 
motion” in the plane and in n-dimensional Euclidean space. Lévy thus 
provides an up-to-date summary of a subject to which he has made important 
contributions. But as the treatment is necessarily condensed this booklet can 
be recommended only to those already acquainted with the theory of random 
functions. 


B. C. BRooKEs, 


Théorie de 1’ Addition de Variables Aléatoires. By Paut Livy. Pp. xx, 385. 
Second edition, 1954. 1200f. (Gauthier-Villars, Paris) 

This is a revised edition of the well-known book first published in 1937. 
The work of revision has been made difficult for the author because of the 
recent rapid development of the theory of random variables (a subject to 
which he has made important contributions) and because he has already 
expounded it more fully in his book Processus stochastiques et Mouvement 
brownien, published in 1948. Though some amendments have been made to 
the original text the most important change in the new edition is the inclusion 
of two new appendixes. 

The first appendix is a paper published in 1953 in the Bulletin des Sciences 
mathématiques. It discusses the weak and strong laws of large numbers 
applied to sums of independent random variables, and introduces the concept 
of the “ Laplacian sum ”’, a concept due to Lévy. The second appendix is a 
commentary on stochastic processes inspired by Doob’s treatise published in 
1953 (reviewed in M.G.). It is both a critical review of Doob’s work and an 
introduction to the mathematical theory of stochastic processes. It is re- 
freshing to find even a French mathematician expressing admiring astonish- 
ment at the ‘“‘impitoyable rigueur” of Doob’s logical development and 
demurring at the high level of abstraction which he maintains. 

The first four of the nine chapters of the main book give an introduction to 
modern probability theory based on measure theory and the Stieltjes integral. 


In the next four chapters the author expounds those aspects of the theory of 


random variables in which he is particularly interested and to which he has 
contributed. The last chapter, on the application of probability theory to the 
theory of continued fractions, is interesting in itself but is irrelevant to the 
main purpose of the book. 

The changes and additions in the revised edition do not help to unify a book 
which even in its first edition seemed to be more of a personal note-book than 
an objective treatise. Yet because of increasing interest in stochastic processes 
the publication of this revised edition is well justified. 


B. C. BROOKES. 
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Introduction 4 la méthode statistique. By A. Mongatton. Pp. 278. 
2000f. 1954. (Librairie Vuibert, Paris) 

This is an elementary text-book written by a teacher at a Paris lycée. 
Though it is intended primarily for students of accountancy it would provide 
an excellent introduction to statistics for any student who can read French 
without difficulty. 

The scope of the book and the development of the subject are orthodox, 
The author begins by discussing the collection and presentation of statistical 
data and the descriptive statistics of frequency distributions before he intro- 
duces the theory of probability and explains its applications to statistics. 
The following topics are then discussed: curve fitting, correlation, the 
testing of significance (including the ¢- but not the x?-distribution), index 
numbers, and the analysis of time series. As the treatment is descriptive 
rather than mathematical the author concludes his text with a mathematical 
appendix. The contents of this appendix—brief expositions of the binomial 
theorem, the concept of a function, the derivative and integral of a function, 
the logarithmic and exponential functions—indicate the level of mathematical 
attainment the author demands of his readers. 

The style is lucid, the development is logical, and every step is illustrated 
by a worked numerical example. It is interesting to note that, though the 
book is intended for non-mathematical readers, the author introduces the 
concept of the ‘‘ expectation ”’ of a probability distribution and uses it freely 
and effectively. 

Anyone who teaches elementary statistics would find this French text-book 
stimulating and useful. B. C. BRooKEs. 


Biomathematics. By C. A. B. Smiru. Pp. xv, 712. 80s. 1954. (Griffin) 

This book, the third edition and a rewritten version of the work by the late 
W. M. Feldman, presents the principles of mathematics for students of biologi- 
cal science. The following is a summary of the subject matter. 

Arithmetic: fractions, decimals, degree of accuracy, some features of 
calculating machines and punched card systems. Algebra: graphs of poly- 
nomials, approximation to a polynomial using the simpler formulae of finite 
differences, inequalities. Shapes and numbers: the elements of trigonometry 
and co-ordinate geometry up to the equations of conics referred to principal 
axes. Logarithms: exponential and hyperbolic functions, logarithmic scales, 
nomograms. Calculus: several chapters covering ordinary and partial differ- 
entiation up to Taylor’s series in two independent variables, methods of 
integration with applications. Complex numbers are introduced in this section, 
which occupies about 300 pages and concludes with a chapter on units of 
measurement in physics and chemistry. Solution of equations : determinants, 
Newton’s method extended to simultaneous equations. Matrices: latent roots 
and vectors. Probability: binomial and normal distributions, correlation, 
bivariate normal distribution. Statistical procedures : estimation, significance 
tests (¢, F, x*, one-factor analysis of variance), maximum likelihood. 

These topics are largely illustrated by examples from biology and medicine. 
It should not, however, be inferred that the mathematics is subordinated to 
the applications. Very full explanations are given in the initial stages of each 
section, though later formulae may be given without proof. Many items have 
been included, one feels, because of their mathematical interest. Proofs are 
given, for instance, of Stirling’s approximation to n! and that any cubic 
equation has a root in the field of complex numbers. Examples of method of 
presentation which are of interest to teachers of mathematics are the intro- 
duction of logarithms by means of the equiangular spiral, of complex number 
as an operator (7, #) on unit vectors in a plane and of addition and multiplica- 
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tion of matrices in terms of contingency tables. The science of genetics yields 
many problems in probability and the determination of the optimum angle of 
junction of a branch to an artery turns out to be a familiar problem in a new 
guise. The author makes a number of suggestions for improving notation. 
Single brackets are proposed for such expressions as 6x)? and sin @)? + cos @)?, 
and a short chapter on Colson’s arithmetic is a plea for the system of dispensing 
with the digits 6, 7,8 and 9. The notation suggested is that digits 1 to 5 should 
be inverted when subtracted ; surely the bar notation of logarithms is simpler? 
There are frequent short sets of exercises for the reader. They may be suffi- 
cient for him to satisfy himself that he has understood the text, but con- 
siderably more practice would be necessary for proficiency over such a wide 

range. Short statistical tables are provided and there is a good index. 
C. G. P. 


Advanced National Certificate Mathematics. II. By J. Pzpor. Pp. xi, 
382. 20s. 1954. (English Universities Press) 

With Vol. I, reviewed in the Gazette, No. 319, this book completes a course 
for Higher National Certificate and the greater part of the mathematics 
required for Parts I and II of the degree of B.Sc. (Eng.) of London University. 
The author’s method is to keep general theory to a minimum and by illustrative 
examples to afford instruction in technique and applications. In support of 
this procedure there are well-chosen quotations at the heads of chapters, such 
as ‘‘ Shall I refuse my dinner because I do not fully understand the process of 
digestion? ’’ (Heaviside) and ‘“ The true meaning of a term is to be found by 
observing what a man does with it, not what he says about it ’’ (Bridgman). 
Certainly many students learn best by seeing and doing examples ; methods of 
solution should not, however, in the reviewer’s opinion, be described as 
** tricks ”’. 

Of twenty chapters, twelve may be said to be devoted to calculus, with 
others on determinants, Fourier series, complex variables, three-dimensional 
geometry, rigid dynamics, probability, least squares and correlation. One 
chapter, the more welcome in that it is not essential for the purposes of 
examinations, gives a good introduction to the use of Laplace transforms in 
solving ordinary differential equations. With so much ground to be covered in 
a single volume it is inevitable that some topics receive briefer treatment than 
one would like. Most notable in this respect is the chapter on rigid dynamics. 
Engineers should appreciate the use of the instantaneous centre of rotation, 
which receives no mention, and it would be good for them to learn the condi- 
tions for the equation, torque = Iw, to be valid if moments are taken about the 
instantaneous centre. The treatment of moment of momentum is not clear. 
It is correctly stated that the moment of external force about any axis is equal 
to the moment of the rate of change of momentum, that is, of the effective 
forces, but in applying this principle about a moving axis in a worked example, 
the author gives the correct quantity the wrong name of rate of change of 
moment of momentum. If the latter were used it would appear that the clos- 
ing of a train door is dependent on the time-origin as well as on the train’s 
acceleration. The chapter on probability is short, with no mention of proba- 
bility distributions. 

In spite of these omissions, the book should prove useful to a large number 
of students. Examples are plentiful after short sections of text, which would 
no doubt be amplified by the lecturer. Very few misprints (and those only 
minor) have been detected. There is, however, a serious slip on the author’s 
part in the chapter on lines and plenes in three dimensions. In fig. 56, 
fig. 53(a) and the accompanying text, two lines are assumed to be parallel 
because they are perpendicular to the same straight line. 

Cc. G. P. 
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Radio. Volume 2. By J. D. Tucker and D. F. Witxinson. Pp. ix, 252. 
10s. 6d. 1954. (English Universities Press) 

This second volume is, like the first, competent as a course in preparation 
for such examinations as those for National or City and Guilds certificates. 
The principles and characteristics of valves, amplifiers, transmitters and 
receivers come within the scope of this part. Also included are sections on 
measurements, microphones and aeriels. Text and diagrams are clear and 
adequate ; the chapters end with a set of questions and some specimen 
answers. The need for a little more mathematical knowledge becomes 
evident at this stage, and it must be assumed that those studying radio are 
also taking an appropriate course in mathematics. 

F. W. K 


Mathematics for Living. Book III. Spending a Holiday. By E. R. 
HamiLTon and C.H.J.Smiru. Pp. 144. 4s. 6d. Limp ; 5s. 6d. Boards. 1954, 
(University of London Press) 

The arrangement of this book is similar to that of the two previous books of 
the series, and an enterprising teacher will find much to interest his pupils, 
whether they tackle only the E (easiest) problems, or proceed to those marked 
A or H (hardest). The book begins with a brief summary of ‘‘ Some things you 
have learnt ’’, and the advice to keep up practice of what is already known : 
five revision exercises are provided at intervals through the book. The new 
title, ‘‘ Spending a holiday ”’, gives opportunity for teaching about scales of 
maps, and the angular measurement of direction, and for explaining time 
tables, and fare tables, for coach, rail, sea, and air travel, including Con- 
tinental times, and differences of time. There are examples on the cost of 
camping, of staying in boarding houses and hotels, and of running a car or 
motor-cycle ; there is also information, followed by exercises, on changing 
money for foreign travel. The chapters ‘‘ On the farm ’’, and “ Navigating a 
ship ” are similar in treatment to those of Book I[I—the former extends the 
use of graphs, the latter, ideas of direction and speed. An interesting chapter 
on “ London River” deals with tide tables, and this, and the chapters on 
‘*The Weather ” and “‘ The Earth ”’ will develop knowledge of geographical 
measurements. Scattered through the book are more definitely mathematical 
chapters entitled “‘ Estimation of lengths ’’, ‘‘ Some puzzles ”’, “‘ Triangles ”’, 
** Distant objects ’’, (introducing indirect measurement by means of a triangle), 
‘* Hexagons ”’, “‘ Scale and enlargement ”’, “‘ Patterns ’’, ‘‘ Moving points ”’ ; 
and the chapter ‘‘ In port” discusses import and export figures, and gives 
practice in calculations with large numbers. The book is in no sense a course, 
nor a reference book, but it provides profitable material to stimulate pupils to 
mathematical effort, and in the hands of a keen teacher it should prove very 
useful. 

H. M. C. 


Arithmetic Made Easy. By W. Haypn Ricuarps. Book III. Part I. 
Pp. 102 andachart. BookIII. Part II. Pp. 104. 3s.each. 1954. (Harrap) 

This third book is on the same lines as the previous ones, i.e. the emphasis 
is on memorising rules, and there is little appeal to reasoning. Each small rule 
is however followed by practice on it, and is not immediately extended to a 
more complicated form. The teaching of Long Division, for instance, is not 
all in one part of the book, but at intervals throughout it, and there is a similar 
breaking up of the work on the tables of time and weight. The year’s work 
also includes extension of the rules on money, length, and capacity, and a 
beginning is made with fractions, and with area. On several of these sections 
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there is an exercise labelled ‘‘ Sums to make you think ’’, and at the end of the 
book there are ‘‘ Tests’? containing miscellaneous examples. ‘ Tricks ” are 
taught by a pictured clown, and revision exercises are arranged as games. 
The chart at the end of Part I does not appear to be very helpful, and the 
notation used for the table of fractions on page 90 of Part II is also open to 
criticism. Surely, too, modern children should not be asked to work with £9 
worth of farthings! 


H. M. C. 


Understanding College Algebra. By E. R. Smitu, S. SetsBy and M. 
KLEMAN. Pp. xvi, 573. $3.50. 1954. (Dryden Press, New York) 

‘* College’? Algebra here connotes work up to approximately A. Level, 
and as is so usual in American books of this type, the authors assume that the 
reader is unsure of his basic knowledge. Hence they begin with the funda- 
mental operations on monomials, polynomials, “‘ parentheses ”’, fractions and 
go right through to theory of equations, determinants, convergency and pro- 
bability. In the selection of topics there is a reminiscence of Hall and Knight. 
Each chapter is largely self-contained ; thus that on the quadratic equation 
begins by teaching the usual methods of solution and ends by asking the pupil 
to solve some quite complicated equations reducible by substitution to the 
quadratic form. 

In every case the most elementary work is well taught, but there some gaps 
in the more advanced teaching: dogmatic statements are made and diffi- 
culties are brushed aside with a casual ‘* just how we arrive at this need not 
concern us at the moment ; you will learn about it in your later mathematical 
studies’. True, some attempt is made to stimulate the student to private 
research, but teachers’ explanations will often be wanted, e.g. how to prove 
“by direct division” that Cis 0°+Cis A=Cis(0°-A). Exercises contain 
questions of wide range of difficulty : the ‘“‘ Review Exercises ’’ and blocks 
which expose the common faults are good. An Appendix deals very briefly 
with the history of 7, the irrationality of V2 and de Moivre. 

There are tables of powers and roots, logarithms, five interest and annuity 
tables and two mortality tables. Answers are given to the odd-numbered 
problems. 


B. A. S. 


Solvable cases of the Decision Problem. By W. ACKERMANN. Pp. vii, 
114. 24s. 1954. (North Holland Publishing Company, Amsterdam) 

The decision problem was first formulated by Hilbe:t as the problem of 
finding a general method of solving all mathematical problems. The im- 
possibility of finding such a universal method of solution was established by 
Church in 1936 but the task of discovering specific general types of theorems 
admitting a uniform solution procedure has continued to be actively pursued 
and in “‘ solvable cases of the decision problem ’’ Ackermann, who is one of 
the major contributors to this field, presents an up to date report covering 
both early and recent results. Ackermann’s book is complementary to 
Undecidable Theories by Tarski, Mostowski and Robinson, which considers 
those branches of matheinatics which have been proved to admit no recursive 
decision procedure. 

Ackermann distinguishes three forms of the decision problem, namely, to 
decide of a given statement (a) whether or not it holds for all assignments of 
definite predicates for the predicate variables it contains and for all assign- 
ments of individuals, from every non-empty domain, for its individual 
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variables ; (b) if it does not hold in every domain what are the cardinals of the 
domains for which it holds ; (c) whether or not it is valid in all domains with 
a finite number of elements. 

For statements containing only monadic (single argument) predicate 
variables the decision problem has been solved in full generality for it is 
known that a statement with exactly k free monadic predicate variables is 
universally valid if it is valid in a domain with 2* elements, and if it is not 
valid in such a domain it cannot be valid in a domain with more than 2* 
elements ; in the latter case to complete the solution of form (6) of the decision 
problem, the validity in domains with 1, 2, ..., 2 — 1 elements has to be de- 
termined. Of course the validity of a statement in a domain with a specified 
finite number of individuals can be determined by means of the propositional 
calculus alone (and so by means of truth tables). 

A theorem of great importance for the solution of special cases of the 
decision problem is the remarkable Lowenheim-Skolem theorem that a state- 
ment which is valid in a denumerably infinite domain (and in every finite 
domain) is universally valid, and the complementary result that a statement 
which is not valid in a denumerably infinite domain is not valid in any infinite 
domain (though it may be valid in some finite domains), for these results 
permit us to restrict consideration to the domain of natural numbers (and 
finite sub-domains) when seeking to establish or refute the universal validity of 
a statement. 

Apart from the instance of monadic predicates, the solvable cases of the 
decision problem are concerned with special matrix structures or special 
prefixes (arrangements of universal or existential operators). Amongst 
prefixes for which the solution is known are prefixes consisting of (a) only 
universal operators, (b) only existential operators, (c) a group of universal 
operators in front of a group of existential quantifiers (d) just two existential 
quantifiers contained between, but not separated by, universal quantifiers. 
For all these prefixes the decision problem can be reduced to that for monadic 
predicates, and it is known, from the work of Schiitte that these are the only 
prefixes for which this reduction is possible. 

Novel features of the book are the extension of the majority of the results 
known hitherto only for the pure predicate calculus, to the predicate calculus 
with equality (this extension being in fact responsible for the qualification in 
parentheses in the above statement of the Lo6wenheim—Skolem theorem) and 
(in the last chapter) a formulation of the decision problem in a functional 
instead of a predicate calculus. In a subject notorious for its wealth of detail 
Ackermann’s account reveals again that gift for exposition which illuminated 
his famous Introduction to Mathematical Logic. 

Two important solvable cases of the decision problem, namely Tarski’s 
decision procedure for elementary algebra (without natural number variables) 
and Presburger’s decision method for arithmetic with only a single operator, 
do not fit into the framework of the book and are not discussed. 


R. L. GoopsteErn. 


Applications scientifiques de la Logique Mathématique. Pp. 176. 2200 fr. 
1954. (Gauthier-Villars, Paris) 

This volume consists of the proceedings of the second International Congress 
on Mathematical Logic held in Paris in August, 1952. The speakers included 
E. W. Beth, A. Heyting, A. Robinson, G. Kreisel and P. Lorenzen, on the 
application of logic to mathematics, and H. Reichenbach, J. L. Destouches, 
P. Destouches-Fevrier on the application of logic to physics. 


R. L. GOODSTEIN. 
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The Staffing of Grammar Schools. By W. E. EGNER and A. YounG. Pp. 20. 
1954. (University Press, Liverpool) 

We all know that there is a shortage of science teachers, but many of us have 
supposed that the position in mathematics is not quite so serious. Mr. Egner, 
of the Grammar School, Ormskirk, and Mr. Young, of the Department of 
Applied Mathematics of Liverpool University, have surveyed the staffing of 
66 grammar schools in the North-West of England and have issued their 
findings in a pamphlet which will interest and alarm all those who have at 
heart the teaching of mathematics in this country. A full analysis and com- 
parison of their factual tables would take much space, but even after hasty 
inference has been deprecated, it is impossible to view with complacency the 
following percentages of teachers in arts, science and mathematics who possess 
relevant degree qualifications, degree qualifications in subjects other than those 
taught, and no degree qualifications : 


Arts 85 11 4 
Science 74 20 6 
Mathematics 72 19 9 


Further study suggests that there is an absolute shortage, not to be rectified 
by merely attracting into teaching a larger proportion of the output of qualified 
mathematicians ; an article by Mr. Young in the Times Educational Supple. 
ment for May 14, 1954, makes this point clearly. 

What then is to be done? The authors have properly concerned themselves 
with analysis of fact as a basis from which others must draw inferences and 
propose remedies. That there is no easy solution may well be believed ; but 
as a first step, it will be necessary for the community accurately to assess the 
value of mathematics as an integral and essential part of the structure of our 
civilisation and to cease to regard it as a mere technical skill, whose presence 
or absence will not greatly affect the well-being of the country as a whole. 
Here the teacher can make at least a beginning, by convincing first himself 
and then his pupils that life and death depend on mathematics and the 
mathematical sciences. Our proper function in the life of the community 
will be more readily recognised if we ourselves have a clear and firm apprecia- 
tion of that function. 

T. A. A. B. 


Colloque sur les Fonctions de plusieurs variables. Pp. 164. 1800 fr. 1953. 
(Thone, Liége ; Masson, Paris) 

The volumes reporting the admirable colloquia arranged by the Centre 
Belge de Recherches Mathématiques are now well-known, and their value in 
bringing the reader into touch with problems of the day is undoubted. Func- 
tions of several complex variables provided the text for the colloquium of 
March 1953, and this beautifully printed volume contains papers given by 
Severi, Lelong, Cartan, Serre, Roquette, Behnke, Stein, Martinelli, Saxer and 
Bergman. 

T. A.A. B. 


Table of Sine and Cosine Integrals for Arguments from 10 to 100. Pp. xv, 
187. $2.25. 1954. Applied Mathematics Series, 32. (National Bureau of 
Standards, Washington) 

This is a welcome reissue of the volume with the same title which was 
published in 1942 and reviewed in Math. Gazette, 30, 49, 1946. The main 
table on pages 2-181 is unchanged ; it gives Si(x) and Ci(x) to 10 decimals 
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for x= 10(-01)100, with second differences. Some changes have been made 
in the introductory matter (which is now printed) and in the auxiliary tables 
at the end of the volume. 


A. FLETCHER. 


Geometria Intuitiva per la Scuola Media. By Emma CasTELNUOvo. 2nd 
edition. Pp. 320. L.650. 1953. (La Nuova Italia, Firenze) 

When I agreed to review this book I had not yet visited the Liceo Tasso in 
Rome where Miss Castelnuovo teaches boys and girls from 11 to 14 years of 
age. I already knew the first edition of the book which I had read with 
great interest in 1951, but the contact I have since had with two classes of her 
pupils made a deeper impression than was possible from merely reading of 
her ideas and imagining how she proceeds. 

The book under review is the product of a mind with views on education 
which may inspire some readers. Since it gives great place to experimenta- 
tion in learning about geometrical facts, and does not introduce deductive 
proofs too early, it will not appear alien to British secondary school teachers. 
But even empiricists must make a choice of material and since in Italy the 
syllabus is imposed by the Ministry an original approach presents considerable 
difficulty. Nevertheless Miss Castelnuovo has realised the feat of re-thinking 
her syllabus and of presenting the work in such a way that the interest of 
her pupils is held throughout the three year course and that they are equipped 
with an impressive knowledge of geometry when they proceed to the higher 
schools (as I was informed by teachers who have been receiving her pupils 
since 1944). Her solution would have appealed to Sir Percy Nunn and is 
explicitly historical in the sense that it is constructive and not descriptive 
and proceeds, like Clairaut’s book (1741), from simple measurements of land 
and of accessible and inaccessible distances to the study of equality of areas 
and thence to that of congruity and similarity. But in accordance with 
modern practice, Miss Castelnuovo starts with geometrical drawing to intro- 
duce the figures and to ensure good habits of accuracy and neatness, and to 
comply with the regulations she adds three chapters on solid geometry. 

The use of the term “ intuitive geometry ’’ implies nowadays that the aim 
remains, as before, knowledge of theorems and geometrical facts, but that the 
presentation of the material will start with wholes which will be analysed and 
not with definitions and axioms, with actions that will gradually be formalised 
and whose validity will be extended, rather than with general statements 
universally valid from the start (at least as far as the teacher’s mind is 
concerned). 

The teaching summarized in this book deals with the stage of geometrical 


4 discoveries that can be met in the fields stated above ; it suggests activities 


and series of actions that lead to a point forecast by the teacher and controlled 
by him, and it proposes an order of difficulty which results from the historical 
attitude, not from investigation of the pupils’ minds. Within this framework 
the book will be a mine for the teacher who will find useful material in the 
exercises that occupy almost half the text, in the reproductions of photo- 
graphs showing a number of beautiful ornaments and buildings that suggest 
a link between geometry and reality, in the historical summaries which are 
usually scattered in various books. 

Written by an enthusiast for active methods in geometry, the daughter of 
an eminent mathematician, accustomed to meeting mathematicians and to 
hearing about mathematics from her earliest years, the book is mathematically 
reliable and pedagogically sound. Miss Castelnuovo has learnt from her 
classes what can be done with safety and with ease and pleasure. Adapted to 
the British situation, the book could serve a useful purpose not only in 
libraries but as an aid to more realistic teaching. C. GATTEGNO. 
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Some basic problems of the mathematical theory of elasticity. By N. I. 
MUSKHELISHVILI. Third edition. Translated from the Russian by J. R. M. 
Rapox. Pp. xxxi, 704. Fl. 38. 1953. (Noordhoff, Groningen, Holland) 

In a brief foreword to this book Professor I. S. Sokolnikoff writes that it is 
certain to be greeted with enthusiasm by Western European scholars, and no 
one is likely to disagree with him. It has been difficult for those who have 
been interested in Muskhelishvili’s methods (and especially difficult for those 
of us who know no Russian) to follow up his work in elasticity since 1933 
when he published a long and important paper in Zeit. f. angewandte Mathe- 
matik u. Mechanik, vol. 13. There are references here to 24 papers by 
Muskhelishvili (as well as to a number of other papers written in collaboration), 
and the eight papers in the list dated 1934 or later were all published in 
Russian journals. Workers in this field will be most grateful for these refer- 
ences, as well as for references to the work of some of Muskhelishvili’s col- 
leagues, among whom D. I. Sherman in particular may be mentioned ; 
again they will be grateful, at a somewhat lower level, for what is presumably 
the correct transliteration of the author’s name, at which various quite 
different attempts have previously been made. 

This is the translation of the third edition in Russian which is dated 1949, 
the dates of the first and second editions being given as 1933 and 1935. A 
full, and very clear, account is given of two-dimensional problems of elasticity, 
and of the development by the author of complex variable methods for their 
solution. Methods of solution are given which are particularly powerful when 
the area of the field that is concerned can be represented conformally on the 
interior or the exterior of a circle by a rational function of the new complex 
variable, and substantial progress has been made in extending the analysis 
to areas of a more general type. 

The particular examples by which the general theory is illustrated are, in 
view of the wide scope of the book, of a relatively simple character, and the 
significance of some of the theory could perhaps have been grasped more 
easily if a wider range of examples had been included ; but there are in any 
case ample references to such examples. Among the more difficult boundary 
value problems that have been treated in detail may be mentioned those for 
the interior of an ellipse and for an infinite plane cut along the arc of a circle. 
There is also a full treatment of the boundary value problems for a half- 
plane, illustrated by a comprehensive range of two-dimensional problems of 
indentation ; the beautiful paper wrapper of the book, which shows in full 
colour a family of isochromatics and certainly deserves notice, was perhaps 
suggested by this series of problems. 


W. R. D. 
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